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1 INTRODUCTION 
As global energy demand continues to grow, the need for reliable and sustainable storage systems has become 
increasingly important. In Canada, energy generation and consumption account for over 80% of total 
greenhouse gas (GHG) emissions, and the federal government has committed to achieving net-zero emissions 
by 2050 (Canada - Countries & Regions, n.d.). However, northern and remote regions remain largely 
disconnected from the national grid and rely on outdated fossil-fuel plants that are inefficient, costly, and 
environmentally damaging (Giordano and Raymond, 2019). Underground geothermal storage (UGS) provides a 
promising alternative for these cold regions. Unlike wind and solar systems, UGS is weather-independent and 
can operate continuously for decades, and unlike nuclear energy, it produces no harmful waste, making it 
suitable for long-term sustainable operation. Safe and efficient UGS operation depends on accurately 
understanding the thermo-hydraulic behavior of the subsurface (Norouzi et al., 2024). Poorly constrained 
geological or operational conditions can pose challenges to the reliability of large-scale geothermal storage 
systems (Vadiee et al., 2025). 

Accurate modeling of coupled thermal–hydraulic (TH) processes in porous media is essential for understanding 
heat and fluid transport in geothermal reservoirs, energy storage systems, and other subsurface applications 
(Khaksar and Li, 2025a, 2025b). Traditional numerical approaches, such as finite element and finite volume 
methods, have achieved significant progress in solving the governing equations for Darcy flow and heat 
advection–conduction. However, these methods often require complex meshing, intensive computational 
resources, and may face stability issues when thermal and hydraulic time scales differ by several orders of 
magnitude. 

In recent years, Physics-Informed Neural Networks (PINNs) have emerged as a promising alternative to 
conventional solvers for Multiphysics problems (Raissi et al., 2019). PINNs integrate the governing partial 
differential equations (PDEs) directly into the loss function of a neural network, enabling the model to learn 
physically consistent solutions across space and time without explicit meshing. This approach is particularly 
attractive for thermo-hydraulic systems, where the interplay between pressure-driven flow and temperature-
dependent transport introduces stiffness and scale disparity that can be challenging for classical solvers. 

Several studies have explored the application of PINNs to coupled flow and heat transfer in porous media. Amini 
et al., (2022) developed a Multiphysics PINN for thermo-hydro-mechanical (THM) modeling, in which the thermo-
hydraulic component couples Darcy flow with heat transport. Their work emphasized the importance of 
dimensionless scaling and staged training to manage the numerical stiffness caused by the different physical 
scales of hydraulic and thermal processes. 

Aich et al., (2025)extended this framework by solving a Darcy–Brinkman–Forchheimer system that incorporates 
anisotropic permeability, rotation, and viscous dissipation in the energy equation. This study demonstrated that 
PINNs can effectively capture complex porous-flow phenomena, including anisotropy and secondary flows, 
within a unified learning framework. 

Wang et al., (2023)proposed a multiphysics-informed PINN for coupled hydrothermal behavior in unsaturated 
soils by integrating Richards’ equation with heat transport. Although their model departs from the single-phase 
incompressible Darcy assumption, it highlights how coupling between temperature and moisture improves 
parameter identification and model stability. 

Xing et al., (2025)introduced a Trunk–Branch (TB) PINN architecture capable of solving multiple forward and 
inverse problems, including flow and heat transfer, showing the flexibility of multi-output neural architectures 
for thermally coupled systems. 
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Across these studies, common methodological themes have emerged. Dimensionless scaling and adaptive loss 
weighting are critical for balancing thermal and hydraulic residuals during training. Multi-output architectures 
enable better feature sharing between pressure, velocity, and temperature fields. Moreover, staged or 
curriculum-based training strategies help overcome the optimization stiffness associated with coupled PDE 
systems.  

Despite this progress, there remain relatively few examples of PINN formulations that target single-phase TH 
processes in saturated porous media under conditions directly relevant to UGS in cold regions, and even fewer 
that include a systematic comparison against a conventional reference solver. Furthermore, issues such as 
disparate time scales between hydraulic diffusion and thermal transport, residual imbalance between pressure 
and temperature equations, and the enforcement of mixed boundary conditions can make straightforward PINN 
implementations difficult to train. 

The objective of this study is therefore to develop and assess a PINN framework for single-phase thermo-
hydraulic flow in a homogeneous porous medium, focusing on a two-dimensional rectangular domain that 
mimics a representative UGS setting. The specific contributions are: (i) formulation of a PINN that jointly predicts 
pressure and temperature fields from space–time coordinates using a single neural network; (ii) implementation 
of residual scaling, analytical boundary embedding, and curriculum-style sampling to improve convergence; 
and (iii) quantitative validation of the PINN solution against an explicit finite-difference advection–diffusion 
solver using the same material parameters and boundary conditions. Although intentionally simplified, this 
framework provides a clear foundation for future extensions toward heterogeneous media, fractured reservoirs, 
and fully coupled thermo-hydro-mechanical behavior. 

2 METHODOLOGY  

2.1 Overview of the PINN framework 
The problem considered in this work is a single-phase, incompressible fluid flowing through a saturated, 
homogeneous porous medium, with simultaneous heat transport. The computational domain is a two-
dimensional rectangle of length 𝐿𝑥 =  1 𝑚 and height 𝐿𝑦 =  1 𝑚, representing a vertical cross-section of a 
storage formation. The governing equations consist of mass conservation for the fluid and an energy balance for 
the combined fluid–solid system. Assuming constant porosity and permeability, the pressure field 
𝑝(𝑥, 𝑦, 𝑡) satisfies a diffusion-type equation with storativity 𝑆 and permeability 𝑘𝑝𝑒𝑟𝑚, while the temperature field 
𝑇(𝑥, 𝑦, 𝑡) satisfies an advection–diffusion equation with bulk volumetric heat capacity 𝐶, thermal conductivity 
𝐾𝑡 , and advection driven by the Darcy velocity derived from the pressure gradient. The mathematical form of 
these equations matches the standard coupled TH formulation used in many geothermal and groundwater 
applications. 

Instead of discretizing these equations on a spatial mesh, the present framework approximates p and T using a 
neural network that takes the spatial coordinates (x, y) and time t as input. The network outputs two coupled 
quantities: the temperature T and the pressure p at each queried point in the domain. Residuals of the governing 
equations are evaluated at randomly sampled collocation points using automatic differentiation, and their 
mean-squared values form the core of the physics-based loss function. 

The main governing equations used in this study is as follows: 

𝑆
𝜕𝑝

𝜕𝑡
− ∇. (

𝜅

𝜇
∇p) = 0                          (1) 

𝐶
𝜕𝑇

𝜕𝑡
+ 𝜌𝑐𝑝(𝑣. ∇𝑇) − ∇. (kt∇𝑇) = 0                                                                                                                          (2) 

where the first term of equation 1 represent compressibility effects, the second term accounts for darcy flow, in 
which 𝜅 is the permeability, 𝜇 is dynamic viscosity of the fluid (water). On the other hand, the first term in 
equation 2 account for transient thermal storage in which 𝐶 is volumetric heat capacity defined as 𝐶 = 𝜌𝑐𝑝, the 
second term is advective term and the third term is the heat conduction through the solid-fluid mixture, where  
is the effective thermal conductivity (matrix and fluid).  Both equations are coupled through the advective heat-
transport term 𝜌𝑐𝑝(𝑣. ∇𝑇). 

2.2 Neural-network architecture 

A fully connected feed-forward neural network was implemented in PyTorch, containing six hidden layers with 
128 neurons each and tanh activation functions. The model inputs are normalized coordinates (𝑥/𝐿𝑥, 𝑦/𝐿𝑦 , 𝑡/

𝑡𝑒𝑛𝑑), and the outputs are the two target fields, temperature 𝑇(𝑥, 𝑦, 𝑡) and pressure 𝑝(𝑥, 𝑦, 𝑡). Network 
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parameters are initialized with the Xavier uniform scheme to promote stable gradient propagation during 
training. 

2.3 Implementation of PDE residuals 

The physics constraints are enforced through automatic differentiation (AD) using PyTorch’s autograd engine. 
For a randomly sampled set of points (𝑥𝑖 , 𝑦𝑖 , 𝑡𝑖) within the domain, the network predictions (𝑇𝑖 , 𝑝𝑖) are first 
computed. The required spatial and temporal derivatives, 𝜕𝑝𝑖/𝜕𝑡 , ∇𝑝𝑖 , ∇. ∇𝑝𝑖 , 𝜕𝑇𝑖/𝜕𝑡, ∇𝑇𝑖 , ∇. ∇𝑇𝑖, are then obtained 
automatically. 

Then, these derivatives are used to construct the PDE residuals. 

𝑆
𝜕𝑝

𝜕𝑡
− ∇. (

𝜅

𝜇
∇p) = Rp                                    (3) 

𝐶
𝜕𝑇

𝜕𝑡
+ 𝜌𝑐𝑝(𝑣. ∇𝑇) − ∇. (kt∇𝑇) = 𝑅𝑇                         (4) 

Each residual represents the degree to which the neural network violates the governing physics at each sampled 
point. 

The PDE loss is defined as the mean-squared value of these residuals over all collocation points: 

𝐿𝑃𝐷𝐸 = 𝑀𝑆𝐸(𝑅𝑝) + 𝑀𝑆𝐸(𝑅𝑇)                                                                                    (5) 

2.4 Boundary and initial condition 

Accurate treatment of boundary and initial conditions is essential for stable training of thermo-hydraulic PINNs. 
In this study, all Dirichlet boundary conditions were embedded analytically into the neural-network outputs to 
avoid the imbalance and discontinuities that occur when such constraints are enforced directly through the loss 
function. 

At early training stages, applying fixed Dirichlet values via a loss term can create large residual gradients near 
the domain edges, especially at the heated wall, because the network initially struggles to reproduce the abrupt 
change between hot and cold boundaries. This imbalance often causes slow or unstable convergence. To 
overcome this issue, the following function was used: 

𝑏𝑥 =
𝑥

𝐿𝑠
(1 −

𝑥

𝐿𝑋
)                           (6) 

was introduced so that the network automatically satisfies the prescribed boundary values. The temperature 
and pressure fields are written as 𝑇(𝑥, 𝑦, 𝑡)  =  𝑇𝐷(𝑥, 𝑡) + 𝑏𝑥𝑇̃(𝑥, 𝑦, 𝑡) and 𝑝(𝑥, 𝑦, 𝑡) =  𝑝𝐷(𝑥) +  𝑏𝑥𝑝(𝑥, 𝑦, 𝑡). 
where 𝑇𝐷  and 𝑃𝐷  satisfy the analytical boundary conditions 𝑇̃ and 𝑝 are the trainable network outputs. This 
approach ensures that the Dirichlet boundaries are satisfied exactly from the start of training, thereby removing 
the need for explicit boundary-loss terms. 

For the temperature boundary conditions, the left boundary condition (x=0m), a time-dependent temperature 
ramp is applied to represent hot fluid injection. This ramp last 600 seconds and after that remains constant 
through the simulation. On the other hand, on the right boundary condition (x=1m), a fixed temperature value 
was imposed. Top and bottom boundaries, (y=0m and y=1m), zero flux conditions (𝜕𝑇/𝜕𝑦) were applied. For the 
pressure boundary conditions, it was chosen in a way so we have vertical flow from the left to the right boundary 
surface, and to have zero fluid conditions (𝜕𝑝/𝜕𝑦 )on the top and bottom surfaces. 

In order to enable the model to capture the effects of temperature and boundary conditions, loss functions 
related to the boundary conditions were defined as follows 

𝐿𝐵𝐶 = 𝑀𝑆𝐸 (
𝜕𝑇

𝜕𝑦 
|𝑦 = 0, 𝐿𝑦) + 𝑀𝑆𝐸 (

𝜕𝑃

𝜕𝑦
|𝑦 = 0, 𝐿𝑦) + 𝑀𝑆𝐸(𝑇 = 𝑇𝑟𝑎𝑚𝑝|𝑥 = 0) + 𝑀𝑆𝐸(𝑇 = 𝑇𝑟𝑖𝑔ℎ𝑡|𝑥 = 𝑙)                    (7) 

To implement no heat or fluid exchange across the horizontal boundaries, Neumann boundary conditions were 
imposed. 

In terms of the initial conditions for the domain, we defined a uniform temperature (T=285.15 Kelvin) and 
pressure field (P=1e5 pa) across the domain. The effects of the initial conditions are captured though the loss 
function as 
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𝐿𝑖𝑐 = 𝑀𝑆𝐸(𝑇(𝑥, 𝑦, 0) − 𝑇𝑅) + 𝑀𝑆𝐸(𝑝(𝑥, 𝑦, 0) − 𝑝𝑅)                      (8) 

The total loss function combines all components, the loss from PDEs, boundary conditions, and initial 
conditions. 

2.5 Material Properties 

The numerical model was designed using representative thermo-hydraulic properties of a saturated shale 
formation located near Montréal, Québec. This region is characterized by relatively low-permeability 
sedimentary and metamorphic rock units, where groundwater flow and heat transport occur mainly through 
interconnected pores and minor fracture networks. 

The chosen parameters reflect typical ranges reported for shallow to intermediate-depth formations in the 
Montréal area, ensuring that the simulated processes correspond to realistic subsurface conditions for potential 
geothermal applications. The simulation domain represents a homogeneous porous block of 1𝑚 × 1𝑚, and the 
total modeled time spans one day (86400 seconds). 

All quantities are expressed in SI units, and material properties are summarized in Table 1. 

Parameter Value 

Domain length, 𝐿𝑥  (𝑚) 1 

Domain height, 𝐿𝑦  (𝑚) 1 

Simulation time (𝑠) 86400 

Fluid density, 𝜌𝑓   (𝑘𝑔 𝑚−3) 1000 

Fluid heat capacity, 𝑐𝑓  (𝐽 𝑘𝑔−1𝐾−1) 4182 

Bulk volumetric heat capacity, 𝐶 (𝐽 𝑚−3𝐾−1) 2.5 × 105 

Thermal conductivity, 𝑘 (𝑊 𝑚−1𝐾−1) 2 

Dynamic Viscosity, 𝜇 (𝑃𝑎 𝑠) 0.001 

Permeability, 𝜅 (𝑚2) 1 × 10−12 

Fluid-rock Compressibility, 𝑆 (𝑃𝑎−1) 1 × 10−9 

2.6 Sampling strategy and loss function 

Training points are generated using a random sampler with temporal bias. Collocation points for the PDE 
residuals are split between an early-time window, which is oversampled to resolve the strong transient near the 
hot wall, and a late-time window close to the final simulation time, which helps the network capture the 
approach to quasi-steady conditions. Additional boundary points are sampled along the left and right edges, 
with an extra set of late-time boundary samples used to anchor the solution and reduce drift at long times. Initial-
condition points are drawn uniformly across the spatial domain at t = 0. 

The total loss is defined as a weighted sum of three contributions: the PDE loss for pressure and temperature, 
the boundary-condition loss, and the initial-condition loss. A warm-up schedule is used in which the PDE 
weights are increased gradually over the first portion of the training, allowing the network to first satisfy the initial 
condition before fully enforcing the governing equations. Gradient clipping is applied to avoid occasional spikes 
in the PDE residuals. Optimization proceeds in two stages: an Adam phase with a learning-rate scheduler to 
achieve rapid initial convergence, followed by a limited-memory BFGS (LBFGS) phase that further reduces the 
loss using a second-order quasi-Newton update. 

2.7 Finite-difference reference model 

To provide a quantitative benchmark for the PINN, the same heat-transport problem was solved using a 
conventional explicit finite-difference (FD) method on a structured Cartesian grid. Starting from the energy 
equation used in the PINN, the governing equation can be rewritten in advection–diffusion form by dividing by 
the bulk volumetric heat capacity C, leading to an effective thermal diffusivity 𝛼 =  𝐾𝑡  / 𝐶 and an effective 
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advection velocity proportional to the Darcy velocity. These parameters are computed directly from the same 
material properties used in the PINN. 

The FD model employs a uniform grid over the rectangular domain, with typical resolutions of 121 × 121 nodes 
in the horizontal and vertical directions. Spatial derivatives are approximated with second-order central 
differences for diffusion and first-order upwind differences for advection. Time integration is performed using a 
strong-stability-preserving third-order Runge–Kutta (SSP-RK3) scheme, which offers improved stability over 
simple forward Euler while remaining fully explicit. The time step is chosen automatically to satisfy combined 
Courant–Friedrichs–Lewy (CFL) constraints from both advection and diffusion. 

Boundary and initial conditions in the FD solver are chosen to match those used in the PINN. The left boundary 
temperature is fixed at 293.15 K, the right boundary is treated as an insulated wall with zero normal gradient, and 
the top and bottom boundaries have zero normal heat flux. The initial temperature is uniformly 285.15 K. This 
consistency ensures that any discrepancies between the PINN and FD solutions arise purely from the learning 
process rather than from differing physical assumptions. For validation, the FD temperature field is sampled 
along the horizontal midline at selected times and compared directly with the PINN predictions at the same 
locations. 

3 RESULTS AND DISCUSSIONS 

3.1 Convergence and training performance 

A two-stage training algorithm was employed. During the first stage, the Adam optimizer was run for 600 epochs 
with a gradually decreasing learning rate, while the PDE loss weights were ramped up from small initial values 
to their final targets. This warm-up strategy allowed the network to first satisfy the initial conditions and reduce 
large boundary corrections before fully enforcing the governing equations. In the second stage, an LBFGS 
optimizer was used to further reduce the total loss using a quasi-Newton update based on curvature 
information. 

Figure 3 shows the evolution of the total loss, PDE residual loss, boundary loss, and initial-condition loss during 
the Adam phase. The total loss decreases rapidly during the first tens of epochs and then continues to decline 
more gradually as the PDE weights increase. The initial-condition loss decays smoothly and becomes negligible 
after a few hundred epochs, indicating that the network has correctly learned the uniform initial temperature. 
The PDE residual loss exhibits an initial rise as the network moves away from the trivial initial state, followed by 
a steady decay towards a small plateau once both the pressure and temperature equations are well satisfied. 
Because Dirichlet conditions are embedded analytically, the boundary loss remains close to machine precision 
throughout training. The subsequent LBFGS polishing stage further reduces the PDE residuals without 
introducing instability. 

 

Figure 1. Evolution of total, PDE, and boundary-condition losses during training. 

3.2 Temperature and pressure evolution 
The predicted temperature field reproduced both the transient and steady-state stages of heat transfer with 
good physical accuracy the expected transient and steady-state heat-transfer behavior. Figure 4 presents the 
predicted temperature contours at representative times t = 1000, and t = 3600 s. 

At early times, a narrow thermal front formed adjacent to the heated left boundary, where the imposed ramp 
temperature increased gradually from 285.15 Kelvin to 293.15 Kelvin. As heating continued, the front propagated 
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toward the cold wall (x = 1m), and the temperature distribution became smoother and nearly linear, indicating 
the establishment of a steady conduction–advection regime. 

The pressure field remained nearly linear across the domain, consistent with Darcy’s law and the prescribed 
constant-pressure boundaries at x = 0 and x = 1m. Figure 5 shows the predicted pressure contours, which display 
uniform gradients and no oscillations near the boundaries. This stability results directly from the analytical 
embedding of Dirichlet conditions in the network output formulation, which prevented imbalance between 
boundary and interior residuals. 

The learned pressure field exhibited a uniform linear gradient corresponding to a pressure drop of approximately 
1000 Pa across the 1 m domain. Using Darcy’s law, the resulting average velocity magnitude is approximately 
10−6 𝑚/𝑠, consistent with the imposed hydraulic conditions and expected flow regime in low-permeability 
porous media. 

 

Figure 2. Temperature and pressure contours at T = 1000second and in 3600 seconds 

3.3 Heat and fluid transfer behavior 

Figure 3 compares midline profiles (𝑦 =  𝐿𝑦/2) of temperature and pressure at three-time instants. The 
temperature profile exhibits a smooth progression of the thermal front, with the near-wall gradients relaxing as 
the system approaches steady state. The pressure distribution remains linear and nearly time-invariant, 
reflecting steady hydraulic equilibrium. The heat and Darcy fluxes, computed through automatic differentiation 
as 

𝑞𝑥 = −
𝑘𝜕𝑇

𝜕𝑥
                           (9) 

𝑣𝑥 = −
𝜅

𝜇 

𝜕𝑝

𝜕𝑥
                         (10) 
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Figure 3. Midline profiles of temperature and pressure at 0 to 86400 seconds 

3.4 Comparison with finite-difference solution 
To evaluate the accuracy of the PINN solution, temperature profiles along the midline were compared with the 
finite-difference reference model at several representative times, including early, intermediate, and late stages 
of the simulation. Figure 3 illustrates these comparisons, with dashed lines representing the FD solution and 
solid lines representing the PINN. Across all times examined, the two sets of curves overlap almost perfectly, 
particularly near the hot boundary where temperature gradients are largest. Minor discrepancies appear only in 
regions where the temperature gradients are already small, and these differences remain within acceptable 
bounds for engineering applications. 

Relative errors were quantified using both an L2 norm and a maximum-norm metric computed along the midline. 
In all cases examined, the errors are small and consistent with the visual agreement observed in the profiles, 
confirming that the PINN faithfully reproduces the conventional FD solution for this benchmark problem. This 
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agreement provides confidence that the trained network captures the essential physics of coupled single-phase 
flow and heat transport, even though it is not constructed from an explicit spatial discretization. 

4 CONCLUSIONS 

This paper introduced a physics-informed neural network framework for single-phase thermo-hydraulic 
modeling in porous media, motivated by underground geothermal storage applications in cold climates. The 
proposed PINN uses a single neural network to approximate both pressure and temperature fields in a two-
dimensional homogeneous domain, enforcing the governing conservation equations through automatic 
differentiation. By combining residual scaling, analytical boundary embedding, curriculum-style sampling, and 
a two-stage optimization strategy, the framework achieves stable convergence and physically consistent 
solutions. 

The simulations produce smooth, physically plausible temperature and pressure fields. Heat diffuses from the 
hot wall into the cooler domain while being advected by the Darcy flow, and the pressure field remains close to 
a linear gradient imposed by the boundary conditions. Comparison with an explicit finite-difference advection–
diffusion solver shows excellent agreement for temperature evolution along the domain midline over both 
transient and near-steady regimes. These results demonstrate that the PINN behaves as an accurate mesh-free 
surrogate for the underlying TH system and can provide a flexible foundation for sensitivity analysis and design 
studies. 

The present study is intentionally scoped: it considers a single-phase, homogeneous, isothermal-poroelastic 
medium in two dimensions with constant material properties. Future work will extend this framework toward 
heterogeneous and anisotropic media, embedded fractures, and fully coupled thermo-hydro-mechanical 
behavior. Another important direction is the solution of inverse problems, in which the PINN is trained 
simultaneously on physics residuals and sparse field measurements of temperature or pressure. Such 
extensions would move the method from a clear, tractable prototype toward a practical tool for risk-aware 
design and operation of underground geothermal storage systems in cold regions. 
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    L  P D E = M S E  (   R  p ) + M S E  (   R  T )


    b  x =   x    L  s ( 1 −   x    L  X )


  T ( x , y , t )   =     T  D ( x , t ) +     b  x   T ~ ( x , y , t )


  p  ( x , y , t ) =     p  D  ( x ) +     b  x   p ~ ( x , y , t )


    T  D


    P  D


    T ~


    p ~


  𝜕 T / 𝜕 y )


  𝜕 p / 𝜕 y


    L  B C = M S E  (    𝜕 T  𝜕 y   |  y = 0 ,   L  y ) + M S E  (    𝜕 P  𝜕 y |  y = 0 ,   L  y ) + M S E  (  T =   T  r a m p |  x = 0 ) + M S E ( T =   T  r i g h t | x = l )


    L  i c = M S E  ( T  ( x , y , 0 ) −   T  R ) + M S E ( p  ( x , y , 0 ) −   p  R )


  1 m   × 1 m


    L  x
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  1
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  m


  1


  s


    𝜌  f


  k g     m  − 3 )


    c  f


  J   k   g  − 1   K  − 1 )


  C


  J     m  − 3   K  − 1


  2 . 5 × 1  0 5


  ,   k


  W     m  − 1   K  − 1 )


  𝜇


  P a   s )


  𝜅


    m 2 )


  1 × 1  0  − 12


  S


  P   a  − 1


  1 × 1  0  − 9


  𝛼   =     K  t   /   C


   10  − 6   m / s


  y   =     L  y / 2


    q  x = −   k 𝜕 T  𝜕 x


    v  x = −   𝜅  𝜇     𝜕 p  𝜕 x  

