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ABSTRACT  

Particle transport within fractures is a common problem in hydraulic fractures and in Enhanced Geothermal Systems (EGS). In 

hydraulic fractures, proppant is used to keep the fractures open after the hydraulic pressure is released. Proppant concentration alters 

the fracturing fluid properties including dynamic viscosity and density, affecting the hydraulic fracture shape and direction especially 

in vertical fractures. The distribution of proppant particles over the induced fracture is crucial in maintaining the hydraulic 

conductivity of a fracture. In this work, a three-dimensional finite element model has been developed to simulate particle transport in 

fractures. Hydraulic fractures are modelled discretely as surfaces in a 3D matrix. Hydraulic fracture propagation is defined within the 

Linear Elastic Fracture Mechanics (LEFM) framework. Both proppant settlement and density flow are considered for movement of 

proppant particles in propagating vertical hydraulic fractures. The model also accounts for depth-increasing in-situ stresses. Results 

show that the downward movement of proppant encourages downward hydraulic fracture growth, while the depth-increasing in-situ 

stresses encourage the hydraulic fractures to grow upward.  

1. INTRODUCTION  

Hydraulic fracture stimulation has been extensively used to improve reservoir performance in hydrocarbon (Economides and Nolte 

2000) as well as geothermal reservoirs (McClure and Horne 2014), and for preconditioning the rock masses in underground mines 

(Jeffrey and Mills 2000). Accurate modelling of hydraulic fracture geometry in the presence of stress gradients, proppant injection, 

and rock layering is a fundamental requirement for reliable treatment design. In Enhanced Geothermal Systems (EGS), the economic 

success of heat production relies on successfully creating fractures in otherwise impermeable rocks and maintaining the opening and 

hydraulic conductivity of the created fractures conductive during the lifetime of the EGS. Fractures in EGS suffer from decaying 

permeability due to dissolution of asperities under in-situ stresses (Detwiler 2008; Salimzadeh and Nick 2019).  

In hydraulic fracturing stimulation, proppant is added to the hydraulic fracturing fluids so that the created fracture remains open and 

maintain a conductive channel or network to the wellbore (McLennan, Green, and Bai 2008). The presence and distribution of 

proppant have a crucial role in retaining fracture permeability (Gu et al. 2014), and therefore fracture contribution to overall 

production (Cipolla et al. 2008). Thus, modelling the hydraulic fracture propagation considering only a viscous fluid is not optimal, 

since the proppant concentration alters the properties of the hydraulic fracturing fluid, i.e. slurry. A first-order correction to the 

viscosity of dilute suspensions was first introduced by Einstein. Later, a second-order correction was made by Batchelor and Green 

(Batchelor and Green 1972). The hydraulic fracturing fluid (slurry) is commonly modelled as a Newtonian fluid, with viscosity 

dependence on proppant concentration. The proppant distribution across the fracture is assumed to be uniform and only the slip 

velocity due to gravity is considered (Adachi et al. 2007).  

Recently, the problem of proppant transport in hydraulic fractures has attracted a great deal of attention in the hydraulic fracturing 

community. Dontsov and Peirce presented a model for the steady flow of a Newtonian fluid mixed with spherical particles in a 

channel for the purpose of modelling proppant transport with gravitational settling in hydraulic fractures (Dontsov and Peirce 2014). 

Wang and Elsworth presented a 2D model for the evolution of the residual aperture profile and conductivity of hydraulic fractures 

partially/fully filled with proppant packs (Wang and Elsworth 2018). Shi et al. presented a XFEM-based model to calculate 

conductivity of a propped hydraulic fracture considering proppant transport, embedment and crushing (Shi et al. 2018). Vahab and 

Khalili presented a 2D XFEM model for the problem of graded, nonuniform proppant injection and settlement (Vahab and Khalili 

2018).  

The problem of proppant distribution and settling becomes even more significant in vertical fractures. In addition to the proppant 

settlement, the higher concentration of proppant increases the density of the hydraulic fracturing fluid (slurry), resulting in a density-

driven downward flow. Local stresses on the other hand increase with depth resulting in depth-increasing effective stresses, 

preventing the downward growth of hydraulic fractures (Salimzadeh et al. 2019). In this study, a fully coupled three-dimensional 

finite element model is presented to investigate the propagation of hydraulic fractures with proppant injection. Both gravity settlement 

of proppant and density-driven slurry flow are considered. The depth-increasing in-situ stresses are applied for vertical hydraulic 

fractures and, the shape and propagation direction of hydraulic fractures are investigated.  

2. COMPUTATIONAL MODEL 

In the present approach, hydraulic fractures are modelled as surface discontinuities in the three-dimensional matrix (Paluszny and 

Zimmerman 2013). The deformation model is expressed satisfying the condition of equilibrium on a representative elementary 

volume (REV) of the porous medium. Fracture surfaces are not traction-free in the present model, and hydraulic loading are applied 
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on the fracture walls. Assuming negligible shear tractions exerted from the fluid on the fracture surfaces, the fluid pressure is applied 

only in the normal direction to the fracture wall. The differential equation describing the deformation field for a representative 

elementary volume (REV) of fractured rock is given by 

div(𝐃𝛆) + 𝐅 − 𝑝𝑓𝐧𝑐δ(𝐱 − 𝐱𝑐) = 0         (1) 

where, 𝐃 is the drained stiffness matrix, 𝛆 =
1

2
(∇𝐮 + ∇𝐮𝑇) is the strain tensor in the porous medium, u denotes the displacement 

vector in the porous medium, 𝐅 is the body force per unit volume, 𝑝𝑓 is the fluid pressure, δ is Dirac delta, and 𝐱c represents the 

position of the fracture. The flow through fracture is assumed to be laminar  

div [
𝑎𝑓

3

12𝜇𝑠𝑙
(∇𝑝𝑓 + 𝜌𝑠𝑙𝐠)] = 𝑎𝑓𝑐𝑓

𝜕𝑝𝑓

𝜕𝑡
+

𝜕𝑎𝑓

𝜕𝑡
        (2) 

where, 𝑎𝑓 is the fracture aperture, 𝜇𝑠𝑙 is the slurry viscosity, 𝜌𝑠𝑙 = (1 − 𝐶𝑝)𝜌𝑓 + 𝐶𝑝𝜌𝑝 is the density of slurry, 𝐶𝑝 is the volumetric 

concentration of proppant in slurry, 𝜌𝑓 is the density of fluid, 𝜌𝑝 is the density of proppant particles, 𝐠 is the gravitational vector, and 

𝑐𝑓 is the fluid compressibility. Note that the term 𝜕𝑎𝑓 𝜕𝑡⁄ = 𝜕(𝐮+ − 𝐮−). 𝐧𝑐 𝜕𝑡⁄
 
provides direct coupling between the displacement 

field and the fracture flow field, which is symmetric to the fracture pressure loading term, 𝑝𝑓𝐧𝐶  in Eq. 1. 𝐮+ and 𝐮− are the 

displacements of the two opposing faces of the fracture. The rheology of the slurry is affected by the proppant concentration, which 

can be described by the following expression (Barree and Conway 1995) 

𝜇𝑠𝑙 = 𝜇𝑓 (1 −
𝐶𝑝

𝐶0
)
−𝑚

          (3) 

where, 𝜇𝑓 is the fluid viscosity without proppant, C0 = 0.6 is the maximum attainable proppant concentration, and m = 1.05 is a model 

parameter. Effective values of C0 range from 0.59 to 0.64 and m ranges from 1 to 3, depending on the type of proppant and hydraulic 

fracturing fluid (Barree and Conway 1995; Adachi et al. 2007). The governing equation for the proppant transport through the fracture 

can be written as 

div[𝑎𝑓𝐷𝑝∇(𝜌𝑝𝐶𝑝)] =
𝜕(𝑎𝑓𝜌𝑝𝐶𝑝)

𝜕𝑡
+ ∇. (𝑎𝑓𝜌𝑝𝐯𝑝𝐶𝑝)        (4) 

where, 𝐷𝑝 is the proppant dispersion coefficient and 𝐯𝑝 is the proppant velocity in slurry. Velocity of proppant differs from the 

velocity of slurry due to slippage of proppant particles during gravitational settling and blocking. To effectively prevent the proppant 

from moving into the narrow regions, the proppant flux needs to be multiplied by a ‘blocking’ function, to account for the proppant 

stalling in the narrow fracture regions. The blocking function 𝐵𝑎𝑓 is defined as (Dontsov and Peirce 2014) 

𝐵𝑎𝑓 =
1

2
𝐻 (

𝑎𝑓

𝑑𝑝
− 𝑁)𝐻 (

𝑎𝑐−𝑎𝑓

𝑑𝑝
) [1 + cos (𝜋

𝑎𝑐−𝑎𝑓

𝑑𝑝
)] + 𝐻 (

𝑎𝑓−𝑎𝑐

𝑑𝑝
)      (5) 

where, H denotes the Heaviside step function, N represents number of proppant particles passing through a section, 𝑎𝑐 = 𝑑𝑝(𝑁 + 1) 

is the critical aperture at which the blocking starts to occur, and 𝑑𝑝 is the proppant particle diameter. Single-particle gravitational 

settling velocity in an unbounded medium in Stokes regime (low Reynolds number regime) can be expressed as (Barree and Conway 

1995) 

𝐯𝑡 =
𝑑𝑝

2(𝜌𝑝−𝜌𝑓)

18𝜇𝑓
𝐠           (6) 

The Stokes' equation is limited to a single particle in an infinite fluid mass falling under conditions of laminar flow. In general, Stokes' 

law is valid for viscous Newtonian fluids or for small particle sizes (Barree and Conway 1995). The presence of other particles will 

change the drag force exerted on each particle. The motion of other particles creates a “return flow” of carrying fluid, and the single-

particle settling velocity should be corrected for the effect of proppant concentration. The correction factor is defined as (Goview and 

Aziz 1972) 

𝑓𝐶𝑝 = 𝑒−5.9𝐶𝑝           (7) 

Thus, the proppant velocity 𝐯𝑝 is computed from the slurry velocity 𝐯𝑠𝑙, subject to settling and blocking according to 

𝐯𝑝 = 𝐵𝑎𝑓 (𝐯𝑠𝑙 + 𝑓𝐶𝑝𝐯𝑡)          (8) 

The governing equations are solved numerically using the finite element method. Spatial and temporal discretization are accomplished 

using the Galerkin method and finite difference techniques, respectively. Displacements (three displacements for three dimensions), 

hydraulic fracturing fluid (slurry) pressure and concentration are defined as the primary variables. Quadratic unstructured elements 

are used for spatial discretization of surfaces (quadratic triangles) and volumes (quadratic tetrahedra). The triangles on two opposite 

surfaces of a fracture are matched with each other, but do not share nodes, and duplicate nodes are defined for two sides of a fracture. 

The triangles are matched with faces of the tetrahedra connected to the fractures, and they share the same nodes. Flow through 

deforming fracture is a highly nonlinear problem, thus a Picard iteration procedure is adopted to reach the correct solution within 

acceptable tolerance. More details on the computational model can be found in (S. Salimzadeh and Nick 2019; Usui et al. 2017; S. 

Salimzadeh, Paluszny, and Zimmerman 2018). The discretized equations are implemented in the Complex Systems Modelling 

Platform (CSMP, also known as CSP, (Matthäi, Geiger, and Roberts 2001)), an object-oriented application program interface (API), 

for the simulation of complex geological processes and their interactions. The set of linear algebraic equations are solved with the 
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algebraic multigrid method for systems, SAMG (Stüben 2001). Within the framework of Linear Elastic Fracture Mechanics (LEFM), 

the stress intensity factors (SIFs) for three modes of fracture opening are computed using the displacement correlation method (DC 

method, (Paluszny and Zimmerman 2013)). The DC method is computationally cheap and is able to yield very good approximations 

of the SIFs (Kuna 2013). The crack grows when the equivalent stress intensity factor 𝐾𝑒𝑞  (Schöllmann et al. 2002) overcomes the 

material toughness (𝑘𝑖𝑐). At every timestep, the SIFs and growth computations are performed at forty locations along the fracture 

front (fracture tips). If the equivalent SIF reaches the material toughness in at least one fracture tip, the propagation triggers and all 

the fracture tips are advanced proportionally to the equivalent SIF value at each tip. Then, the fracture geometry is updated, the mesh 

is regenerated, and the step is recalculated for the new geometry. 

2. SIMULATION RESULTS 

The numerical finite element model has been validated extensively against analytical, experimental and numerical results in the 

literature (S. Salimzadeh, Paluszny, and Zimmerman 2016; S. Salimzadeh et al. 2019; Saeed Salimzadeh et al. 2019; S. Salimzadeh 

and Nick 2019; Peters et al. 2018). In this section, the geometry of a vertical hydraulic fracture induced from a horizontal well under 

varying in-situ stresses and proppant concentration is investigated. An injection of water with flow rate 0.015 m3/s for a duration of 

5000 seconds is considered. The material properties are given in Table 1. 

Four cases are considered: In case I, no proppant is injected, and the vertical gradient of in-situ stress is set to 10 kPa/m, equal to 

hydrostatic pressure gradient (the gravitational acceleration is set to g = 10 m2/s). In case II the proppant is added to case I. Case III 

is similar to case I but with a vertical in-situ stress gradient of 20 kPa/m (lithostatic pressure gradient). Finally, in case IV, the proppant 

is added to case III. For cases with proppant injection, after 200 seconds of “pad” (water without proppant), a volumetric concentration 

of 0.3 of proppant is added to the water. 

Table 1: Material properties used for simulations 

 Case I Case II Case III Case IV 

Injection rate (m3/s) 0.015 0.015 0.015 0.015 

Water density (kg/m3) 1000 1000 1000 1000 

Water viscosity (Pa s) 0.001 0.001 0.001 0.001 

Young’s modulus (GPa) 20 20 20 20 

Poisson’s ratio 0.25 0.25 0.25 0.25 

Fracture toughness (MPa m0.5) 1.0 1.0 1.0 1.0 

In-situ stress gradient (kPa/m) 10 10 25 25 

Proppant concentration at injection 0 0.3 0 0.3 

Proppant density (kg/m3) - 2500 - 2500 

 

 

Figure 1: The geometry of induced fractures at each propagation step for different cases. The dashed line shows the depth 

of initial perforation (horizontal well). 
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The geometry of induced fractures for four cases are shown in Figure 1. In case I, a round radial hydraulic fracture is created around 

the injection point. This is due to the equilibrium between hydrostatic pressure of water (without proppant) and the applied in-situ 

stresses. In case II, the fracture initially grows in radial shape during the injection of pad (water without proppant), but as soon as the 

proppant enters the fracture, the density of slurry increases, the equilibrium between the hydrostatic pressure inside the fracture and 

the applied stresses is violated and thus the fracture preferably grows downward. In case III, the higher lithostatic stress gradient 

pushes the fracture to grow upward, where the applied stresses are smaller than the slurry pressure. The propagation is dominantly 

upward with little downward or sideward propagation. In case IV, the overall growth of the fracture is still upward, however, the 

presence of proppant encourages the downward and sideward growth of the fracture compared to case III.  

The distribution of proppant concentration, fracture aperture, and slurry pressure in the hydraulic fracture in case II and IV are shown 

in Figure 2 and Figure 3, respectively. Downward movement of proppant from the injection point due to settlement and density-

driven flow is clearly observed in case II. The proppant concentration increases the slurry viscosity and density; thus, the slurry 

pressure increases, resulting in an increase in the fracture aperture towards the bottom of fracture. However, the blocking function 

prevents the proppant of reaching to the fracture tips. In case IV, the higher in-situ gradient forces the fracture to grow upward from 

the injection point. The proppant remains mainly in the bottom part of the fracture, and aperture increases in both top and bottom 

parts of fracture due to lower stress in the former and higher pressure in the latter.  

 

Figure 2: Proppant concentration, fracture aperture and slurry pressure distribution for case II with hydrostatic in-situ 

stress (stress gradient of 10 kPa/m). 

         

Figure 3: Proppant concentration, fracture aperture and slurry pressure distribution for case IV with lithostatic in-situ 

stress (stress gradient of 20 kPa/m). 

3. CONCLUSIONS 

The simulation results show that gravity has a significant effect on the shape and direction of hydraulic fractures. The fracture shape 

can be far from a round shape predicted by simple analytical solutions. Gravity triggers competing effects: while it induces proppant 

settlement and downward density-driven flow, resulting in downward growth of hydraulic fractures, simultaneously, gravity increases 

the lithostatic in-situ pressure, encouraging upwards growth of hydraulic fractures.  
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