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ABSTRACT  

This study presents semi-analytical and analytical solutions based on a coupled transient wellbore/reservoir thermal model to predict 

temperature transient measurements made under constant rate and bottom-hole pressure production as well as variable rate and 

bottom-hole pressure production histories in a vertical or an inclined wellbore across from the producing horizon or at a gauge depth 

above it. Slightly compressible, single-phase, and homogeneous infinite-acting single-layer geothermal reservoir system is 

considered. The models account for Joule-Thomson heating/cooling, adiabatic fluid expansion, conduction and convection effects 

both in the reservoir and wellbore. The transient wellbore model accounts for friction and gravity effects. The solutions of the 

analytical and semi-analytical reservoir models are verified by use of a general-purpose thermal simulator. Wellbore temperatures at 

a certain gauge depth are evaluated through a wellbore thermal energy equation coupling the reservoir temperature equation. It is 

shown that unlike the “sandface” temperature measurements made close to the producing zone, the temperature measurements made 

at locations significantly above the producing horizon are dependent upon the geothermal gradient and radial heat losses from the 

wellbore fluid to the formation on the way to gauge and hence more difficult to interpret for well productivity evaluation and reservoir 

characterization. The solutions can be used as forward models for estimating the parameters of interest by nonlinear regression built 

on a gradient-based maximum likelihood estimation (MLE) method. A methodology, based on straight line analyses of flow regimes 

(as derived from analytical solutions) identified on log-log diagnostic plots of sandface and wellbore temperature-derivative data, is 

proposed to obtain good initial guesses of parameters which derive the MLE objective function to have reliable optimized estimates.  

 

1. INTRODUCTION  

The reservoir characterization through integration of dynamic data such as pressure, rate, etc., through history matching has become 

commonplace throughout the petroleum and geothermal industries. Although temperature data are routinely recorded in well test 

applications, the use of temperature data for estimating the parameters controlling the fluid and heat flow for the purpose of reservoir 

characterization has often been ignored in the past. The temperature data for history matching has recently attracted the attention of 

various researchers. In the petroleum and geothermal literature, it has been shown that temperature in addition to pressure can be a 

good source of data for reservoir characterization by the use of simple both lumped-parameter and distributed-parameter (1D, 2D and 

3D) flow models (Duru and Horne 2010, 2011a,b; Sui et al. 2008a,b; Palabiyik et al. 2013, 2015, 2016; Sidorova et al. 2015; Onur et 

al. 2016, 2017; Mao and Zeidouni 2018). 

Earlier works on transient sandface temperature behaviors trace back to Chekalyuk (1965). Decoupling the pressure diffusivity 

equation and the thermal energy balance equation, Chekalyuk (1965) was the first to present an analytical temperature solution for 

constant-rate drawdown tests (with no skin effects) for single-phase flow of slightly compressible fluid.  His solution for the thermal 

energy balance equation was obtained by using the well-known Boltzman transformation for a line-sink well. Here and throughout 

in this paper, a line-sink well is referred to a production well having a vanishingly small radius. Using the same assumptions of 

Chekalyuk (1965), Ramazanov and Nagimov (2007) used the method of characteristics to predict sandface temperatures for single-

phase flow of slightly compressible fluid in homogeneous reservoir. Later, in a series of papers, Duru and Horne (2010, 2011a, 2011b) 

used a non-isothermal model which also decouples the pressure diffusivity and the thermal energy balance equations. Using this 

method, Duru and Horne (2010) proposed a model to predict sandface temperatures for variable surface rate problems with no 

wellbore storage and skin. Chevarunotai et al. (2018) proposed an analytical solution for estimating the flowing-fluid temperature 

distribution in a single-phase homogeneous oil reservoir with constant rate production, including the J-T effect and heat transfer to 

overburden and under-burden strata. However, their solution does not consider the skin effect. Onur and Cinar (2017a) gave an 

analytical solution of temperature in homogeneous reservoirs, solving the thermal energy equation using the Boltzmann 

transformation, for both drawdown and buildup considering a slightly compressible fluid in homogeneous reservoirs. They also 

provided a temperature solution that includes the effect of skin as an infinitesimally thin zone adjacent to the wellbore. Then they 

presented a methodology for performing semilog-straight lines analysis on temperature data jointly with pressure data. Then Onur et 

al. (2017) presented a coupled reservoir/wellbore semi-analytical solution to predict temperature transient along the wellbore in 

presence of skin. They included the effects of wellbore storage and momentum to model the heat loss along the wellbore in their 

solution. Galvao (2018) and Galvao et al. (2019) presented a coupled wellbore/reservoir thermal analytical model which provides 

accurate transient temperature flow profiles along the wellbore, accounting for heat losses to strata and fluid density variation. Panini 

et al. (2019) presented an approximate analytical solution for predicting drawdown temperature transient behaviors of a fully 

penetrating vertical well in a two-zone radial composite reservoir system. They used their analytical solution as a forward model for 

estimating the parameters of interest by nonlinear regression built on a gradient-based maximum likelihood estimation (MLE) 

method. Their results show that the rock, fluid and thermal properties of the skin zone and non-skin zone can be reliably estimated 

by regressing on temperature transient data jointly with pressure transient data in the presence of noise. Onur and Ozdogan (2019) 

very recently presented semi-analytical solutions to investigate the temperature transient behavior of a vertical well producing slightly 

compressible fluid (oil and water system) under specified constant-bottom-hole pressure or rate in a no-flow radial composite 
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reservoir system and presents graphical analysis procedures for analyzing such temperature transient data jointly with pressure or rate 

transient data. 

Most of the works cited in the previous paragraph considered oil reservoirs. The works considering modeling and interpretation of 

sandface temperature transient data for liquid-dominated geothermal reservoir were also presented; for instance, see Palabiyik et al. 

(2013, 2015, 2016), Onur and Palabiyik (2015), and Onur et al. (2016). In this paper, we extend the works of Panini et al. (2019), 

Onur and Ozdogan (2019) and Galvao (2018) and Galvao et al. (2019) to liquid-dominated geothermal reservoirs. 

The paper is organized as follows; First, we present mathematical model and assumptions used to derive analytical and semi-analytical 

solutions for predicting sandface transient temperatures and wellbore temperatures. Here, wellbore temperatures refer to temperatures 

measured inside the wellbore at a certain gauge location above the producing horizon. Then, we verify the analytical and semi-

analytical solutions by using CMG STARS (2006). Finally, we present nonlinear regression analysis of temperature transient data 

with or without with pressure transient data for estimating formation parameters by using the maximum likelihood estimation (MLE) 

method.  

2. PHYSICAL SYSTEM, MATHEMATICAL MODEL AND ASSUMPTIONS 

As in Palabiyik et al. (2016), we consider non-isothermal flow of single-phase liquid-water (also called as liquid-dominated) in 

confined geothermal reservoirs. The reservoir pressure (p) and temperature (T) conditions of a single-phase liquid geothermal 

reservoir can lie in between 0.5 MPa and 50 MPa for p and between 303.15 K (30 oC) and 573.15 K (300 oC) for T. So, the single-

phase region considered in this study covers a wide range of reservoir pressure and temperature conditions which may be encountered 

for single-phase liquid-water geothermal reservoirs (see Fig. 1), and the single-phase liquid region of the phase envelope where the 

J-T coefficient (denoted by 𝜀𝐽𝑇𝑤 in K/Pa) can take negative or positive values, as can be seen from Fig. 2 depending on p and T 

values. For instance, 𝜀𝐽𝑇𝑤 becomes positive in the single-phase liquid-water case if T > 525 K (251.85 oC) and 𝑝 ≥ 10 MPa. If 𝜀𝐽𝑇𝑤 

is negative, fluid heats up with pressure drop, while fluid cools down with pressure drop if 𝜀𝐽𝑇𝑤 is positive. If 𝜀𝐽𝑇𝑤= 0, no J-T heating 

or cooling is expected. Hence, one should expect the J-T heating or cooling effect of reservoir fluid depending on the initial conditions 

of reservoir pressure and temperature during drawdown and buildup tests.  

 

Fig. 1: p-T phase diagram for water (after Palabiyik et al. 2016)  Fig. 2: J-T coefficient as a function of p and T for  

                  water (after Palabiyik et al. 2016) 

 

The mathematical model for the reservoir is based on the following basic assumptions: 

• flow is single-phase liquid-water without discontinuous gas phase in the reservoir so that water saturation is hundred 

percent,  

• the fluid flow is governed by Darcy’s law and is 1D radial towards a vertical well open to flow through the entire 

reservoir thickness,  

• reservoir is radially composite, where each zone is homogeneous and isotropic. The inner zone represents the skin zone 

for 𝑟𝑤  <  𝑟 <  𝑟𝑆, and the outer zone represents the infinite extended reservoir, from 𝑟 =  𝑟𝑆 to infinity (see Fig. 3). In 

equations to be given later, the skin zone properties are designated by the subscript S, whereas the outer (nonskin zone) 

properties are designated by the subscript O. Note that the outer zone is actually a water zone, 

• the solid matrix is rigid so that it has zero velocity, 

• the solid matrix and the liquid water are in thermal equilibrium in order that their temperatures are identical, i.e., Ts = 

Tw = T,  

• there exists no heat transfer to over- and under-burden strata from the reservoir, and  

• the effective thermal conductivity of rock is homogeneous, isotropic and independent of pressure and temperature.  
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As to the wellbore model shown in Fig. 3, we consider that the production occurs in a cased vertical wellbore through a fully perforated 

pay zone where the top of the producing zone in the vertical direction is at 𝑧 =  0, and the wellhead is at 𝑧 =  𝐿𝑤, where 𝐿𝑤 represents 

the total length of the wellbore from the top of the reservoir. Our wellbore model to be presented is quite general in that one can 

consider any inclination angle of the wellbore. Throughout, we use the International System of Units (SI) for presenting our model 

equations. 

 

Figure  3: Schematic of a coupled nonisothermal wellbore and reservoir system (after Onur et al. 2017b). 

2.1 Reservoir Temperature Equation 

As derived by Palabiyik et al. (2016) and Cinar and Onur (2017a) with the previously stated assumptions, the partial differential 

equation describing spatial and temporal changes of temperature distribution can be given as:  

 𝜕𝑇

𝜕𝑡
+ 𝑢𝑐(𝑟, 𝑡)

𝜕𝑇

𝜕𝑟
−
1

𝑟

𝜕

𝜕𝑟
(𝑟𝛼𝑡(𝑟)

𝜕𝑇

𝜕𝑟
) = 𝜑𝑡

∗(𝑟)
𝜕𝑝

𝜕𝑡
+ 𝜀𝐽𝑇𝑤(𝑟)𝑢𝑐(𝑟, 𝑡)

𝜕𝑝

𝜕𝑟
. 

(1) 

In Eq. 1, 𝑢𝑐 is referred to as the velocity of convective heat transfer, defined by 

 
𝑢𝑐(𝑟, 𝑡) = 𝑐𝑝𝑅(𝑟)𝑣𝑟 = −𝑐𝑝𝑅𝜅(𝑟)

𝜕𝑝

𝜕𝑟
, 

(2) 

where 𝑐𝑝𝑅 is the ratio of volumetric heat capacity of flowing fluid phase to the volumetric heat capacity of the fluid-saturated rock, 

given by 

 

𝑐𝑝𝑅(𝑟) =

{
 
 

 
 𝑐𝑆𝑝𝑅 =

𝜌𝑆𝑐𝑝𝑆

(𝜌𝑐𝑝)𝑆𝑡

  if  𝑟𝑤𝑏 < 𝑟 < 𝑟𝑆

𝑐𝑂𝑝𝑅 =
𝜌𝑤𝑐𝑝𝑤

(𝜌𝑐𝑝)𝑂𝑡

  if  𝑟𝑆 < 𝑟 < ∞
 

(3) 

and (𝜌𝑐𝑝) is referred to as the volumetric heat capacity of the water-saturated rock, defined by 

 
(𝜌𝑐𝑝)𝑡 = {

(𝜌𝑐𝑝)𝑆𝑡 = 𝜙𝑆(𝜌𝑤𝑐𝑝𝑤)𝑆 +
(1 − 𝜙𝑆)(𝜌𝑠𝑐𝑝𝑠)𝑆         if  𝑟𝑤𝑏 < 𝑟 < 𝑟𝑆

(𝜌𝑐𝑝)𝑂𝑡 = 𝜙𝑂(𝜌𝑤𝑐𝑝𝑤)𝑂 +
(1 − 𝜙𝑆)(𝜌𝑠𝑐𝑝𝑠)𝑂 if  𝑟𝑆 < 𝑟 < ∞

 
(4) 

and 𝜅 is the mobility function defined by: 

 

𝜅(𝑟) =

{
 
 

 
 𝜅𝑆 = (

𝑘

𝜇
)
𝑆

 𝑖𝑓  𝑟𝑤𝑏 < 𝑟 < 𝑟𝑆

𝜅𝑂 = (
𝑘

𝜇
)
𝑤

  𝑖𝑓  𝑟𝑆 < 𝑟 < ∞

. 

(5) 

In Eq. 1, 𝑡 , 𝜑𝑡
∗, and 𝜀𝐽𝑇𝑤 represent the thermal diffusivity and the effective adiabatic-expansion coefficient of the water-saturated 

porous medium, and the J-T coefficient of fluid, respectively, defined by 
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𝛼𝑡(𝑟) =

{
 
 

 
 𝛼𝑆𝑡 =

𝜆𝑆𝑡

(𝜌𝑐𝑝)𝑆𝑡

  if  𝑟𝑤𝑏 < 𝑟 < 𝑟𝑆

𝛼𝑂𝑡 =
𝜆𝑂𝑡

(𝜌𝑐𝑝)𝑂𝑡

  if  𝑟𝑆 < 𝑟 < ∞

, 

(6) 

where 𝜆𝑆𝑡 and 𝜆𝑂𝑡 are the thermal conductivity of the saturated porous medium in the skin and non-skin zone, respectively,  

 

𝜑𝑡
∗(𝑟) =

{
 
 

 
 𝜑𝑆𝑡

∗ =
(𝜌𝑐𝑝𝜑)𝑆𝑡
(𝜌𝑐𝑝)𝑆𝑡

  if  𝑟𝑤𝑏 < 𝑟 < 𝑟𝑆

𝜑𝑂𝑡
∗ =

(𝜌𝑐𝑝𝜑)𝑂𝑡
(𝜌𝑐𝑝)𝑂𝑡

  if  𝑟𝑆 < 𝑟 < ∞

 

(7) 

where (𝜌𝑐𝑝𝜑) is referred to as the adiabatic-expansion coefficient of the water, defined by 

 
(𝜌𝑐𝑝𝜑)𝑡(𝑟) = {

(𝜌𝑐𝑝𝜑)𝑆𝑡 = 𝜙𝑆(𝜌𝑤𝑐𝑝𝑤𝜑𝑤)𝑆          if  𝑟𝑤𝑏 < 𝑟 < 𝑟𝑆

(𝜌𝑐𝑝𝜑)𝑂𝑡 = 𝜙𝑂(𝜌𝑤𝑐𝑝𝑤𝜑𝑤)𝑂    if  𝑟𝑆 < 𝑟 < ∞
 

(8) 

where 𝜑𝑤 is the adiabatic expansion coefficient of water and it is related to the flowing phase J-T coefficient of water by the following 

relationship (Moore, 1983), 

 
𝜑𝑤 = 𝜀𝐽𝑇𝑤 +

1

𝜌𝑤𝑐𝑝𝑤
 

(9) 

and 

 
𝜀𝐽𝑇(𝑟) = {

𝜀𝐽𝑇𝑆   if  𝑟𝑤𝑏 < 𝑟 < 𝑟𝑆
𝜀𝐽𝑇𝑂   if  𝑟𝑆 < 𝑟 < ∞

 
(10) 

In Eqs. 1-9, cpw, and w represent the isobaric specific heat capacity and the adiabatic-thermal expansion of water, respectively, and 

𝜀𝐽𝑇𝑆  and 𝜀𝐽𝑇𝑂(= 𝜀𝐽𝑇𝑤) represent the J-T coefficient for the skin zone fluid and outer zone fluid (water), respectively. In our 

applications, although not necessary, we will assume that the J-T coefficients, viscosities and thermal rock and fluid properties are 

identical for both the skin zone and the non-skin zone.   

We use following initial, inner and outer boundary conditions, respectively for the temperature equation given by Eq. 1: 

 𝑇(𝑟, 𝑡 = 0) =  𝑇𝑖 , (11) 

 
(𝑟𝛼𝑡

𝜕𝑇

𝜕𝑟
)
𝑟=𝑟𝑤𝑏

= 0, 
(12) 

and 

 𝑇(𝑟 = 𝑟𝑒 , 𝑡) =  𝑇𝑖 , (13) 

To solve Eq. 1 numerically, we use the MacDonald and Coats (1970) procedure for generating a radial grid system. We divide the 

reservoir into geometrically spaced radial grid system generated by this procedure. Locating all the grid points at 𝑟1/2 =

 𝑟𝑤, 𝑟3/2, … , 𝑟𝑁𝑟+1/2, we have a total of Nr grid points. The outer boundary of the reservoir is represented by 𝑟𝑒 which is the last 

gridblock boundary and taken very large to simulate an infinite-acting outer reservoir boundary.  

2.2 Reservoir Pressure Equations 

In deriving our semi-analytical and analytical solutions, we decouple temperature and pressure diffusivity equations when modeling 

sandface and wellbore temperatures by assuming that rock and fluid flow and thermal parameters do not change significantly with p 

and T. Such an approach has been shown to work as temperature changes are small for production and buildup tests: for example see, 

Duru and Horne (2010, 2011a,b); Palabiyik et al. 2016, Onur and Cinar (2017a). So, we can solve the pressure diffusivity equation 

for the skin and nonskin zone coupled with the appropriate initial and boundary conditions to obtain analytical expressions for 

computing time and spatial derivatives of pressure distribution in the left-hand side of Eq. 1. As stated before, we are interested in 

deriving solutions for constant rate or constant bottomhole pressure production cases. We will then use these constant-rate and 

constant-bottomhole pressure production responses in the superposition equations to be given later (see Eqs. 24 and 27) to generate 

the derivates of the pressures for the more general cases of specified variable rate and bottomhole pressure production.  

For both constant-rate and constant-bottomhole pressure (BHP) production cases, we consider the same partial differential equations 

(PDEs), the initial reservoir condition (IRC) and outer reservoir boundary conditions (ORBC) given as follows:  

The PDE that applies for the skin-zone is given by 
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 1

𝑟

𝜕

𝜕𝑟
(𝑟
𝜕𝑝𝑆
𝜕𝑟
) =

1

𝜂𝑆

𝜕𝑝

𝜕𝑡
, for 𝑟𝑤 < 𝑟 < 𝑟𝑆 and 𝑡 > 0, 

(14) 

the PDE for the non-skin (or outer zone) is given by, 

 1

𝑟

𝜕

𝜕𝑟
(𝑟
𝜕𝑝𝑂
𝜕𝑟
) =

1

𝜂𝑂

𝜕𝑝𝑂
𝜕𝑡

, for 𝑟𝑆 < 𝑟 < ∞ and 𝑡 > 0, 
(15) 

the IRC is given by 

 𝑝𝑆(𝑟, 𝑡 = 0) = 𝑝𝑂(𝑟, 𝑡 = 0) = 𝑝𝑖 , (16) 

and the ORBC is given by 

 lim
𝑟→∞

𝑝𝑂(𝑟, 𝑡 > 0) = 𝑝𝑖 , (17) 

In addition to the conditions given by Eqs. 16 and 17, we need to have the following pressure and gradient continuity equations at 

the interface of the skin- and non-skin zones, given by, respectively, 

 𝑝𝑆(𝑟 = 𝑟𝑆, 𝑡 > 0) = 𝑝𝑂(𝑟 = 𝑟𝑆, 𝑡 > 0), (18) 

and 

 
(𝑟
𝜕𝑝𝑆
𝜕𝑟
)
𝑟=𝑟𝑆

= (𝑟
𝜕𝑝𝑂
𝜕𝑟
)
𝑟=𝑟𝑆

. 
(19) 

We consider production at either specified constant surface rate from the well  

 
(𝑟
𝜕𝑝𝑆
𝜕𝑟
)
𝑟=𝑟𝑤𝑏

=
𝑞𝑠𝑐𝐵𝑤
2𝜋𝜅𝑆ℎ

, 
(20) 

or specified constant flowing bottomhole pressure given by the inner boundary condition as 

 𝑝𝑆(𝑟 = 𝑟𝑤𝑏 , 𝑡) = 𝑝𝑤𝑓. (21) 

In Eqs. 14 and 15, 𝜂𝑆 and 𝜂𝑂 represent the diffusivity constant of the skin- and non-skin zones, given by, respectively, 

 
𝜂𝑆 =

𝑘𝑆
(𝜙𝑐𝑇𝑤𝜇)𝑆

=
𝜅𝑆

(𝜙𝑐𝑇𝑤)𝑆
, 

(22) 

and 

 
𝜂𝑂 =

𝑘𝑤
(𝜙𝑐𝑇𝑤𝜇)𝑂

=
𝜅𝑂

(𝜙𝑐𝑇𝑤)𝑂
, 

(23) 

where 𝑐𝑡 is the effective isothermal compressibility of total system including rock and fluid. To solve the pressure diffusivity 

equations given by Eqs. 14-15 subject to initial and boundary conditions given by Eqs. 16-21, we use Laplace transformation. The 

solutions are lengthy and not given here. They can be found in Onur et al. (2017) and Onur and Ozdogan (2019). Although the 

solutions given by Onur et al. (2017) and Onur and Ozdogan (2019) are for slightly compressible oil systems, they can also be used 

for liquid-dominated geothermal systems. For the inverse Laplace transformation, we use Stehfest algorithm (1970). The Stehfest 

parameter used to evaluate the solutions is Nstef = 12 to obtain all our results given in this study.  

To model temperature transient behavior under variable rate or variable BHP production cases, we use the well-known superposition 

principle. The pressure change at any point r and time t in the skin and outer zones can then be computed from the following 

superposition equation assuming piecewise step rate function in each time interval; i.e., 𝑞𝑗 in the time interval from 𝑡𝑗−1 to 𝑡𝑗 for 

j=1,2,…,N, where N denotes the total number of flow rate steps: 

 

𝑝𝑖 − 𝑝(𝑟, 𝑡) =∑(𝑞𝑗 − 𝑞𝑗−1)∆𝑝𝑢(𝑟, 𝑡 − 𝑡𝑗−1)

𝑁

𝑗=1

, 
(24) 

where 𝑞0 = 0 and 𝑡0 = 0,  

 
𝑝(𝑟, 𝑡) = {

𝑝𝑆(𝑟, 𝑡),    if 𝑟𝑤 ≤ 𝑟 ≤ 𝑟𝑆
𝑝𝑂(𝑟, 𝑡),    if 𝑟𝑆 ≤ 𝑟 < ∞

, 
(25) 

and 
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∆𝑝𝑢(𝑟, 𝑡) = {

∆𝑝𝑆𝑢(𝑟, 𝑡),    if 𝑟𝑤 ≤ 𝑟 ≤ 𝑟𝑆
∆𝑝𝑂𝑢(𝑟, 𝑡),    if 𝑟𝑆 ≤ 𝑟 < ∞

. 
(26) 

In Eq. 24, ∆𝑝𝑆𝑢(𝑟, 𝑡)  and ∆𝑝𝑂𝑢(𝑟, 𝑡) represent the unit-rate pressure-change solutions at a point r inside the skin and non-skin zones, 

respectively. These unit-rate pressure-change solutions are computed from the solutions of the initial boundary value problem 

described by Eqs. 14-20. A. The derivatives of 𝑝(𝑟, 𝑡) with respect to r and t can be simply obtained by differentiation both sides of 

Eq. 16 with respect to r and t and then used in the right-hand side of Eq. 1 to model the sandface temperature transient under variable 

rate production from the well. 

As to the specified variable BHP case, the pressure change at any point r and time t in the skin and outer zones can be computed from 

the following superposition equation assuming piecewise step bottomhole pressure-change function in each time interval; i.e., ∆𝑝𝑤𝑓,𝑗  

in the time interval from 𝑡𝑗−1 to 𝑡𝑗 for j=1,2,…,N, where N denotes the total number of bottomhole pressure-change steps: 

 

𝑝𝑖 − 𝑝(𝑟, 𝑡) =∑(∆𝑝𝑤𝑓,𝑗 − ∆𝑝𝑤𝑓,𝑗−1)∆𝑝𝑐𝑝,𝑢(𝑟, 𝑡 − 𝑡𝑗−1)

𝑁

𝑗=1

, 
(27) 

where 𝑞0 = 0 and 𝑡0 = 0, and 

 
∆𝑝𝑐𝑝,𝑢(𝑟, 𝑡) = {

∆𝑝𝑐𝑝,𝑆𝑢(𝑟, 𝑡),    if 𝑟𝑤 ≤ 𝑟 < 𝑟𝑆
∆𝑝𝑐𝑝,𝑂𝑢(𝑟, 𝑡),    if 𝑟𝑆 < 𝑟 ≤ ∞

, 
(28) 

In Eq. 27, ∆𝑝𝑐𝑝,𝑆𝑢(𝑟, 𝑡)  and ∆𝑝𝑐𝑝,𝑂𝑢(𝑟, 𝑡) represent the unit-pressure-change solutions at a point r inside the skin and non-skin zones, 

respectively. These unit-pressure-change solutions are computed from the solutions computed from the solutions of the initial 

boundary value problem described by Eqs. 14-19 and 21. The derivatives of 𝑝(𝑟, 𝑡) with respect to r and t can be simply obtained by 

differentiation both sides of Eq. 27 with respect to r and t and then used in the right-hand side of Eq. 1 to model the sandface 

temperature transient under variable BHP production from the well. 

Also, to solve the thermal energy balance equation (Eq. 1) subject to the initial and boundary conditions given by Eqs. 11-13 we use 

finite-difference method. The number of grid points which we use to discretize the reservoir in r -direction, is chosen as 200 after the 

sensitivity analysis of gridblock number not given here. The details of the numerical solution of Eq. 1 subject to the conditions given 

by Eqs. 11-13 can be found in Onur et al. (2017) and Onur and Ozdogan (2019).  

3. ANALYTICAL SANDFACE TEMPERATURE SOLUTIONS 

The semi-analytic formulation given in the previous section is quite general for predicting sandface temperature transient behavior 

for more general cases; variable rate, variable BHP, including conduction and convection for each flow period including buildup 

periods. Although the semi-analytical and numerical solutions are more general and rigorous, they are not in closed and explicit form 

revealing analytically the effects of various parameters affecting the sandface temperature, and also performing nonlinear parameter 

estimation based on semi-analytical and numerical solutions. Also, the accuracy of these solutions are strongly dependent on the 

spatial grid and time steps used. Here, we provide analytical solutions for constant rate drawdown and buildup periods. These 

analytical solutions, although approximate, provide better understanding and identification of the parameters effecting constant rate 

drawdown and buildup sandface temperatures.  

 

3.2 Constant-Rate Drawdown Solution 

Recently, Panini et al. (2019) presented an approximate analytical solution for predicting drawdown temperature transient behavior 

of a fully penetrating vertical well in a two-zone radial composite reservoir system shown in Fig. 3. Although their solution is for a 

single-phase flow of oil with presence of immobile water, their solution can easily be adapted to single-phase flow of water composite 

system. Their solution adapted for the liquid-dominated single-phase water system here is given by 
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𝑇𝑠𝑓(𝑡) = 𝑇𝑖+𝑎𝑆(𝜑𝑆𝑡
∗ − 𝜀𝐽𝑇𝑆)∫

𝑒−𝑧

𝑧 + 𝑏𝑆𝑒
−𝑧 𝑑𝑧

𝑟𝑤
2

4𝜂𝑆𝑡

𝑟𝑆
2

4𝜂𝑆𝑡

− 𝑎𝑆𝜑𝑆𝑡
∗ (1 −

𝜅𝑆
𝜅𝑂
)∫

𝑒
−𝑧
𝑟𝑆
2

𝑟𝑤
2

𝑧 + 𝑏𝑆𝑒
−𝑧 𝑑𝑧

𝑟𝑤
2

4𝜂𝑆𝑡

𝑟𝑆
2

4𝜂𝑆𝑡

− 𝑎𝑆𝜑𝑆𝑡
∗
𝜅𝑆
𝜅𝑂

𝑟𝑆
2

𝑟𝑤𝑏
2 (1 −

𝜂𝑆
𝜂𝑂
)∫

𝑒
−𝑧

𝑟𝑆
2

𝑟𝑤𝑏
2 (1−

𝜂𝑆
𝜂𝑂
)

𝑧 + 𝑏𝑆𝑒
−𝑧 𝑧Ei (−𝑧

𝜂𝑆
𝜂𝑂

𝑟𝑆
2

𝑟𝑤𝑏
2 )𝑑𝑧

𝑟𝑤𝑏
2

4𝜂𝑆𝑡

𝑟𝑆
2

4𝜂𝑆𝑡

+ 𝜀𝐽𝑇𝑆𝑎𝑆 [Ei (−
𝑟𝑤𝑏
2

4𝜂𝑆𝑡
) − Ei (−

𝑟𝑆
2

4𝜂𝑆𝑡
)]

+ 𝑎𝑂𝜑𝑂𝑡
∗
𝑟𝑆
2

𝑟𝑤𝑏
2 (1 −

𝜂𝑆
𝜂𝑂
)∫

𝑧𝑒
−𝑧

𝑟𝑆
2

𝑟𝑤𝑏
2 (1−

𝜂𝑆
𝜂𝑂
)

𝑧 + 𝑏𝑂𝑒
−𝑧(

𝑟𝑆
2

𝑟𝑤𝑏
2 −

𝑟𝑆
2

𝑟𝑤𝑏
2
𝜂𝑆
𝜂𝑂
+
𝜂𝑆
𝜂𝑂
)

Ei (−𝑧
𝜂𝑆
𝜂𝑂
)𝑑𝑧′

∞

𝑟𝑆
2

4𝜂𝑆𝑡

+ 𝑎𝑂(𝜑𝑂𝑡
∗ + 𝜀𝐽𝑇𝑤)∫

𝑒
−𝑧(

𝑟𝑆
2

𝑟𝑏𝑤
2 −

𝑟𝑆
2

𝑟𝑤𝑏
2
𝜂𝑆
𝜂𝑂
+
𝜂𝑆
𝜂𝑂
)

𝑧 + 𝑏𝑂𝑒
−𝑧(

𝑟𝑆
2

𝑟𝑏𝑤
2 −

𝑟𝑆
2

𝑟𝑤𝑏
2
𝜂𝑆
𝜂𝑂
+
𝜂𝑆
𝜂𝑂
)

𝑑𝑧
∞

𝑟𝑆
2

4𝜂𝑆𝑡

+ 𝜀𝐽𝑇𝑤𝑎𝑂Ei [−
𝑟𝑆
2

4𝜂𝑆𝑡
(
𝑟𝑆
2

𝑟𝑤𝑏
2 −

𝑟𝑆
2

𝑟𝑤𝑏
2

𝜂𝑆
𝜂𝑂
+
𝜂𝑆
𝜂𝑂
)], 

(29) 

where 

 
𝑎𝑆 =

𝑞𝑠𝑐𝑤𝐵𝑤
4𝜋𝜅𝑆ℎ

, 
(30) 

 

 𝑏𝑆 = 𝑎𝑆𝑐𝑆𝑝𝑅
𝜅𝑆
𝜂𝑆
, (31) 

 

 
𝑎𝑂 =

𝑞𝑠𝑐𝑤𝐵𝑜
4𝜋𝜅𝑂ℎ

, 
(32) 

and 

 𝑏𝑂 = 𝑎𝑂𝑐𝑂𝑝𝑅
𝜅𝑂
𝜂𝑆
. (33) 

In Eq. 29, Ei(−𝑥) represents the exponential integral function (Abramowitz and Stegun, 1972). We compute the integrals in Eq. 39 

by numerical integration using Gauss-Kronrod quadrature method with 21 points. 

 

The nice thing about the solution given by Eq. 29 is that it incorporates effect of skin zone on the temperature behavior. The individual 

skin zone properties such as 𝑘𝑆  and 𝑟𝑆 have profound effects on the drawdown sandface temperatures as discussed by Duru and Horne 

(2011b), Palabiyik et al. (2016), and Onur and Cinar (2017b). Onur and Cinar (2017a) presented also approximate analytical equations 

for predicting sandface temperatures for a single-layer system incorporating the skin effect as a lumped parameter. Their analytical 

solution that is applicable for late times such that  

 

 
𝑡 >

20𝜋𝑟𝑤𝑏
2 ℎ

𝑐𝑂𝑝𝑅𝑞𝑠𝑐𝑤𝐵𝑤
, 

(34) 

when temperature diffusion propagates out the skin zone is given by  

 

 
𝑇𝑠𝑓(𝑡) = 𝑇𝑖+𝑚𝑇𝑙𝐷 [log(𝑡) + log (

4𝜂𝑂

𝑒𝛾𝑟𝑤𝑏
2 ) + 0.869𝑆 − (

𝜑𝑂𝑡
∗ − 𝜀𝐽𝑇𝑤

𝜀𝐽𝑇𝑤
) log (

𝑒𝛾𝑐𝑂𝑝𝑅 𝑞𝑠𝑐𝑤𝐵𝑤

4𝜋𝜂𝑂ℎ
)], 

(35) 

 

where 𝛾 (= 0.577215… ) is Euler’s constant and  𝑚𝑇𝑙𝐷 is given by 

 

 
𝑚𝑇𝑙𝐷 = −0.183

𝑞𝑠𝑐𝑤𝐵𝑤𝜀𝐽𝑇𝑤

𝜅𝑂ℎ
. 

(36) 

Eq. 29 at late times reduce to Eq. 35, and at early times such that 

 

 25𝑟𝑤𝑏
2

𝜂𝑆
< 𝑡 <

𝜋𝑟𝑤𝑏
2 ℎ

20𝑐𝑆𝑝𝑅𝑞𝑠𝑐𝑤𝐵𝑤
, 

(37) 

it reduces to 

 
𝑇𝑠𝑓(𝑡) = 𝑇𝑖−𝑚𝑇𝑒𝐷 [log(𝑡) + log (

4𝜂𝑆
𝑒𝛾𝑟𝑤

2)], 
(38) 
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where 𝛾 (= 0.577215… ) is Euler’s constant and  𝑚𝑇𝑙𝐷 is given by 

 

 
𝑚𝑇𝑒𝐷 = 0.183

𝑞𝑠𝑐𝑤𝐵𝑤𝜑𝑂𝑡
∗

𝜅𝑆ℎ
. 

(39) 

3.3 Buildup Solution  

Onur et al. (2019) has very recently presented an approximate analytical solution for predicting buildup temperature transient behavior 

of a fully penetrating vertical well in a two-zone radial composite reservoir system shown in Fig. 3. This solution is quite complex 

and hence we do not present here. It can be found in Onur et al. (2019). As the solution for no skin zone case is simpler, we record 

this solution here. This solution was first presented for Galvao (2018) (also see Galvao et al., 2019) for a single-phase oil with 

presence of immobile water system. Onur et al. (2019) solution for zero skin case reduces to Galvao et al. (2019) solution, which can 

be expressed for a liquid-dominated geothermal system as 

 

𝑇𝑠𝑓(Δ𝑡) = 𝑇𝑠𝑓(Δ𝑡 = 0) +
𝑞𝑠𝑐𝑤𝐵𝑤
2𝜅𝑂ℎ

 {
𝜑𝑂𝑡
∗

(1 −
𝛼𝑡
𝜂
𝑂
)
[−Ei(−

𝑟𝑤
2

4𝜂
𝑂
Δ𝑡
)+Ei (−

𝑟𝑤
2

4𝛼𝑡Δ𝑡
)]− 𝜀𝐽𝑇𝑤Ei (−

𝑟𝑤
2

4𝛼𝑡Δ𝑡
)}, (40) 

where 𝑇𝑠𝑓(Δ𝑡 = 0) is the sandface temperature at the moment of shut-in.  

 

4. WELLBORE TEMPERATURE SOLUTIONS 

There are a multitude of papers proposed in the literature for predicting wellbore temperature at a point above the feed or producing 

zone (see Fig. 3). Both numerical as well as analytical models have been proposed. Most of the analytical models proposed assume 

isothermal flow in the reservoir and steady-state heat flow in the wellbore; e.g., Ramey (1962), Curtis and Witterholt (1973), Alves 

et al. (1992), Hasan and Kabir (1994).  

 

Hasan et al. (2005) were the first to present an analytical wellbore-temperature equation for predicting transient wellbore temperature 

along the wellbore for drawdown and buildup tests under single-phase fluid flow in the wellbore. They considered the effects of 

steady-state momentum and J-T effects. Later, Izgec et al. (2007) presented an improved version of the Hasan et al. (2015) analytical 

and pointed out that the constant overall-heat-transfer-coefficient assumption in the analytical fluid temperature model of Hasan et 

al. (2005) may not be reasonable for early transients, especially in drawdown. There are also models based on discretization of 

wellbore for predicting transient wellbore temperature distribution for single phase flow of fluid along the wellbore by considering 

transient mass, momentum, and energy balance equations, but considering isothermal flow in the reservoir. For instance, the models 

of Miller (1980), and Hasan et al. (1997) are examples of such numerical models.  

 

In all works cited above, the reservoir models used assume isothermal flow so that the bottomhole temperature within the vertical 

wellbore across from the producing horizon temperature is equal to the initial reservoir geothermal temperature, which is constant, 

i.e., not changing with time. Only a few works have treated the reservoir flow as nonisothermal so that the sandface or bottomhole 

temperature changes with time due to conduction, convection, adiabatic expansion and J-T effects in the reservoir are coupled with a 

nonisothermal flow in the wellbore. For instance, Duru and Horne (2010a) used their nonisothermal reservoir flow model to predict 

bottomhole temperature as a function of time and then input this temperature into the their modified version of the transient wellbore-

temperature model of Hasan et al. (2005) without momentum and J-T effects in the wellbore. A similar approach to that of Duru and 

Horne (2010a) is followed by Onur et al. (2017b) who arrived at a more accurate equation for wellbore temperature. Duru and Horne 

(2010a) did not present the derivation of their modified version of the equation. Sui et al. (2008a) and Sidorova et al. (2015) also 

considered a nonisothermal reservoir flow model coupled with a discretized nonisothermal wellbore model assuming steady-state 

mass, momentum and thermal energy balance equations. Onur et al. (2017) also included the effects of transient flow rate and pressure 

distribution along the wellbore obtained by solving a combined unsteady state mass and momentum balance equation analytically. 

Onur et al. (2017) solution can also be used with uniform flow rate distribution along the wellbore for constant-rate drawdown tests 

or zero flow rate distribution for buildup tests with negligible wellbore storage and momentum effects. 

 

Recently, Galvao (2018) and Galvao et al. (2019) presented an improved version of the Onur et al. (2017) analytical solution for 

predicting wellbore temperature distribution. Their model accounts for Joule-Thomson, adiabatic fluid-expansion, conduction and 

convection effects. The wellbore fluid mass density is modeled as a function of temperature, and the analytical solution makes use of 

the Laplace transformation to solve the transient heat-flow differential equation, accounting for a transient wellbore-temperature 

gradient ∂T/∂z. However, their solution assumes that the volumetric rate along the wellbore is uniform flow rate distribution along 

the wellbore, and therefore wellbore storage and momentum effects along the wellbore are neglected in the Galvao et al. (2019) 

solution, but wellbore pressure distribution were treated as variable with density of water changing solely with temperature (see Eq. 

55).  

 

There are also coupled transient wellbore/reservoir-temperature numerical models where both the reservoir and wellbore mass, 

momentum, and energy balance equations are solved simultaneously. For example, Kutun et al. (2014) presented a numerical model 

to study the parameters effecting the stabilization time of static and dynamic conditions in the wells for a single-phase water system. 

The model is based on mass and energy balance equations and couples the reservoir with the well and considers the heat losses to the 

surroundings of the well. However, the well is treated as a reservoir block in their model and does not consider momentum effects.  

 

In this study, we compare the results generated from the analytical solutions of Onur et al. (2017) without momentum effects and 

Galvao et al. (2019). We first present the Onur et al. (2017) and then the Galvao et al. (2019) analytical solutions which can be used 

to predict wellbore temperature for both production and shut-in periods.   

 



Bircan and Onur 

 9 

4.1 Onur et al. (2017b) Analytical Wellbore Temperature Solutions  

Onur et al. (2017) presented a solution based on the following based on the following energy balance equation to predict the transient 

wellbore-temperature distribution in the wellbore [denoted by 𝑇𝑤(𝑧,Δ𝑡𝑗)]: 
 

 1

𝑎𝑗

𝜕𝑇𝑤𝑗

𝜕Δ𝑡𝑗
= 𝐿𝑅[𝑇𝑒𝑖(𝑧) − 𝑇𝑤𝑗(𝑧, Δ𝑡𝑗)] − [

𝜕𝑇𝑤𝑗

𝜕𝑧
− Φ(𝑝𝑤𝑗 , 𝑇𝑤𝑗) +

𝑔 sin 𝜃

𝑔𝑐𝑐𝑝𝑤𝑏𝐽
], (41) 

where Δ𝑡𝑗 is the elapse time given from a begining of a flow period j, i.e., 𝑡 𝑗 =  𝑡 − 𝑡𝑝𝑗, where 𝑡 is the total time since the beginning 

of the first flow period, and 𝑡𝑝𝑗 is the time at the beginning of the flow period j; either constant-rate production or buildup following 

a constant-rate production. In Eq. 41. 𝑎𝑗  is given by 

 
𝑎𝑗 =

𝑞𝑤𝑗

𝐴𝑤(1 + 𝐶𝑇)
, 

(42) 

where 𝑞𝑤𝑗  is the volumetric flow rate at bottomhole conditions for the flow period j, 𝐴𝑤 is the cross-sectional area of the wellbore 

perpendicular to fluid flow, and 𝑔𝑐  and 𝐽 are the unit conversion factors. As we use the SI unit system, 𝑔𝑐  and 𝐽 are equal to unity. CT 

is a lumped parameter and referred to as the thermal storage parameter (dimensionless) introduced by Hasan et al. (2005) and defined 

as the ratio of internal energy per unit length of the wellbore to the internal energy of the fluid per length. In our applications given 

in this paper, we set 𝐶𝑇 = 0. In Eq. 41, the parameter Φ(𝑝𝑤 , 𝑇𝑤) is given by 

 

 
Φ(𝑝𝑤𝑗 , 𝑇𝑤𝑗) = 𝜀𝐽𝑇𝑤𝑏

𝜕𝑝𝑤𝑗

𝜕𝑧
−

𝑞𝑤𝑗

𝐴𝑤
2 𝑔𝑐𝑐𝑝𝑤𝑏𝐽

𝜕𝑞𝑤𝑗

𝜕𝑧
. (43) 

In Eq. 41, 𝑇𝑒𝑖(𝑧) is the initial earth temperature distribution due to geothermal gradient, defined by 

 

 𝑇𝑒𝑖(𝑧) = 𝑇𝑒𝑖𝑏ℎ − 𝑧𝑔𝐺 sin 𝜃𝑤 , (44) 

where 𝑇𝑒𝑖𝑏ℎ is the earth temperature at z = 0 and t = 0, 𝑔𝐺  is the geothermal gradient in K/m. The solution of Eq. 41 for a multi-rate 

history is given by (Onur et al. 2017; Onur and Cinar 2017b): 

 

 𝑇𝑤𝑗(𝑧, Δ𝑡𝑗) = 𝑒−𝑎𝐿𝑅Δ𝑡𝑗𝑇𝑤𝑓(𝑧, 𝑡𝑝𝑗) + (1 − 𝑒
−𝑎𝐿𝑅Δ𝑡𝑗){𝑇𝑒𝑖(𝑧) + 𝑒

−𝑎𝐿𝑅z[𝑇𝑏ℎ(Δ𝑡𝑗) − 𝑇𝑒𝑖𝑏ℎ]}

− 𝑒−𝑎𝐿𝑅z
(1 − 𝑒−𝑎𝐿𝑅Δ𝑡𝑗)

𝐿𝑅
𝜓(𝑧, Δ𝑡𝑗), 

(45) 

where 𝑇𝑏ℎ(𝑡𝑗) is the bottomhole temperature to be computed from the semin-analytical solutions of Eq. 1 or its approximate sandface 

solutions for constant rate  and buildup as a function of time, and  

 

 
𝜓(𝑧, Δ𝑡𝑗) = 𝑔sin𝜃𝑤 + 𝜀𝐽𝑇𝑤𝑏

𝜕𝑝𝑤𝑗

𝜕𝑧
−

𝑞𝑤𝑗

𝐴𝑤
2 𝑔𝑐𝑐𝑝𝑤𝑏𝐽

𝜕𝑞𝑤𝑗

𝜕𝑧
−
𝑔 sin 𝜃𝑤
𝑔𝑐𝑐𝑝𝑤𝑏𝐽

, (46) 

where 𝜀𝐽𝑇𝑤𝑏  and 𝑐𝑝𝑤𝑏  are J-T coefficient and specific heat capacity of the wellbore fluid. 𝜃𝑤 is the inclination angle of the 

wellbore measured from the horizontal;  𝜃𝑤 = 90o is for a vertical wellbore. 
 

In Eq. 45, 𝑇𝑤𝑓(𝑧, 𝑡𝑝𝑗) is the wellbore-temperature distribution at the time tpj, i.e., at the onset of flow period j. For the first flow 

period, Twf is taken as Tei. In Eqs. 41 and 44, LR is referred to as the “relaxation distance,” defined by: 

 

 
𝐿𝑅(Δ𝑡𝑗) =

2𝜋𝑟𝑐𝑜𝑈𝑡𝜆𝑒

𝜌𝑤𝑏𝑞𝑤𝑗𝑐𝑝𝑤𝑏[𝜆𝑒 + 𝑟𝑐𝑜𝑈𝑡𝑓𝐷(Δ𝑡𝑗)]
, 

(47) 

where fD(tDj) is the dimensionless heat transfer function which is given by (Hasan and Kabir 2002):  

 

 
𝑓𝐷(Δ𝑡𝑗) = ln [𝑒−0.2Δ𝑡𝑗 + (1.5 − 0.3719𝑒−Δ𝑡𝑗)√Δ𝑡𝑗], (48) 

where tD represents the dimensionless time defined by 

 
Δ𝑡𝐷𝑗 =

𝛼𝑡𝑒
𝑟𝑐𝑜
2
, 

(49) 

where te is the effective/total thermal diffusivity constant of earth. In Eq. 46, Ut is the overall heat transfer coefficient, which 

determines the heat transfer from the wellbore to the sorroundings, computed from (Sagar et al. 1991): 

 

 
𝑈𝑡 =

1

𝑟𝑐𝑜

𝜆𝑐𝑒𝑚
ln(𝑟𝑤𝑏 𝑟𝑐𝑜⁄ )

, 
(50) 
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for a case where flow occurs inside a production casing. It is important to note that the above equations can be used with momentum 

and wellbore storage effects, as shown by Onur et al. (2017). In this case, flow rate and pressure distribution along the wellbore is 

computed from isothermal momentum equation for single-phase flow, see Onur et al. for details.  

 

It is worth noting that we assume that fluid inside the wellbore and fluid in the reservoir have identical physical properties: i.e.,  

𝜀𝐽𝑇𝑤𝑏 = 𝜀𝐽𝑇𝑤, 𝑐𝑝𝑤𝑏 = 𝑐𝑝𝑤 , 𝜌𝑤𝑏 = 𝜌𝑤, etc. 

 

4.2 Galvao et al. (2019) Analytical Wellbore Temperature Solutions  

Galvao et al. (2019) used the same energy balance equation (Eq. 41) considered by Onur et al. (2017), but expressed in terms of 

temperature change defined by 

 

 Δ𝑇𝑤𝑗(𝑧, Δ𝑡𝑗) = 𝑇𝑤𝑗(𝑧, Δ𝑡𝑗) − 𝑇𝑒𝑖(𝑧) = 𝑇𝑤𝑗(𝑧, Δ𝑡𝑗) − 𝑇𝑒𝑖𝑏ℎ + 𝑧𝑔𝐺 sin 𝜃𝑤 , 
(51) 

So that Eq. 41 can be written as 

 

 1

𝑎

𝜕Δ𝑇𝑤𝑗

𝜕Δ𝑡𝑗
= 𝐿𝑅Δ𝑇𝑤𝑗 − [

𝜕Δ𝑇𝑤𝑗

𝜕𝑧
− 𝑔𝐺 sin 𝜃𝑤 −Φ(𝑝𝑤𝑗 , 𝑇𝑤𝑗) +

𝑔 sin 𝜃𝑤
𝑔𝑐𝑐𝑝𝑤𝑏𝐽

]. (52) 

However, they considered only constant rate drawdown and buildup period following a constant-rate drawdown period. Note they 

neglected wellbore storage and skin effects so that we can assume a uniform volumetric flow rate so that the parameter 

Φ(𝑝𝑤 , 𝑇𝑤) reduces to 

 
Φ(𝑝𝑤𝑗 , 𝑇𝑤𝑗) = 𝜀𝐽𝑇𝑤𝑏

𝜕𝑝𝑤𝑗

𝜕𝑧
= −𝜀𝐽𝑇𝑤𝑏

𝑔 ρ𝑤𝑏(𝑝𝑤𝑗 , 𝑇𝑤𝑗)sin 𝜃𝑤

𝑔𝑐
= −𝜀𝐽𝑇𝑤𝑏𝛾𝑤𝑏(𝑝𝑤𝑗 , 𝑇𝑤𝑗). 

(53) 

They use Eq. 53 in Eq. 52 to obtain: 

 

 1

𝑎

𝜕Δ𝑇𝑤𝑗

𝜕Δ𝑡𝑗
= 𝐿𝑅Δ𝑇𝑤𝑗 − [

𝜕Δ𝑇𝑤𝑗

𝜕𝑧
− 𝑔𝐺 sin 𝜃𝑤 + 𝜀𝐽𝑇𝑤𝑏𝛾𝑤𝑏(𝑝𝑤𝑗 , 𝑇𝑤𝑗) +

𝑔 sin 𝜃𝑤
𝑔𝑐𝑐𝑝𝑤𝑏𝐽

]. 
(54) 

They treat density or the specific weight of the wellbore fluid (in our case it is water or brine) as a function of only temperature so 

that the specific weight of the wellbore fluid can be expressed in term of the isobaric-thermal-expansion coefficient (𝛽𝑤) as 

 

 𝛾𝑤𝑏(𝑝𝑤𝑗 , 𝑇𝑤𝑗) = 𝛾𝑤𝑏𝑖[1 − 𝛽𝑤(Δ𝑇𝑤𝑗 − 𝑧𝑔𝐺 sin 𝜃𝑤)], 
 

(55) 

where 𝛾𝑤𝑏𝑖  is the reference specific weight of wellbore fluid (water), evaluated at initial temperature 𝑇𝑒𝑖𝑏ℎ  and initial pressure 𝑝𝑖 at 

𝑧 = 0. Using Eq. 55 in Eq. 54 and defining a new “relaxation-distance-parameter” 𝐿𝛽 as 

 

 𝐿𝛽 = 𝐿𝑅 − 𝛾𝑤𝑏𝑖𝛽𝑤𝜀𝐽𝑇𝑤𝑏 , (56) 

we can express Eq. 54 as 

 

 1

𝑎

𝜕Δ𝑇𝑤𝑗

𝜕Δ𝑡𝑗
= −𝐿𝛽Δ𝑇𝑤𝑗 −

𝜕Δ𝑇𝑤𝑗

𝜕𝑧
− 𝑧Ω + 𝜓, 

(57) 

where 

 

 Ω = 𝛾𝑤𝑏𝑖𝛽𝑤𝜀𝐽𝑇𝑤𝑏 sin 𝜃𝑤, (58) 

and 

 

 
𝜓 = 𝑔sin𝜃𝑤 + 𝛾𝑤𝑏𝑖𝜀𝐽𝑇𝑤𝑏 −

𝑔 sin 𝜃𝑤
𝑔𝑐𝑐𝑝𝑤𝑏𝐽

. 
(59) 

The solution of Eq. 57 subject to the initial and boundary condition, given respectively, by 

 

 Δ𝑇𝑤𝑗(𝑧, Δ𝑡𝑗 = 0) = 0, (60) 

and 

 

 Δ𝑇𝑤𝑗(𝑧 = 0, Δ𝑡𝑗) = 𝑇𝑠𝑓(Δ𝑡𝑗). (61) 

for a constant-rate drawdown period is obtained as  
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Δ𝑇𝑤𝑗(𝑧, Δ𝑡𝑗) = 𝑇𝑠𝑓 (Δ𝑡𝑗 −

𝑧

𝑎
) 𝑒−𝑧𝐿𝛽𝐻 (Δ𝑡𝑗 −

𝑧

𝑎
)

+
1

𝐿𝛽
2 {𝐻 (Δ𝑡𝑗 −

𝑧

𝑎
) [𝑒−𝑎𝐿𝛽Δ𝑡𝑗(𝑎Ω𝐿𝛽Δ𝑡𝑗 − 𝑧Ω𝐿𝛽 + Ω + 𝜓𝐿𝛽)]

− 𝑒−𝑎𝐿𝛽Δ𝑡𝑗(𝑎Ω𝐿𝛽Δ𝑡𝑗 − 𝑧Ω𝐿𝛽 + Ω + 𝜓𝐿𝛽) − 𝐻 (Δ𝑡𝑗 −
𝑧

𝑎
) 𝑒−𝑧𝐿𝛽(Ω + 𝜓𝐿𝛽)

+ Ω(1 − 𝑧𝐿𝛽) + 𝜓𝐿𝛽} 

(62) 

Their wellbore temperature solution for the buildup period (following a constant-rate drawdown) is given by  

 

 Δ𝑇𝑤𝑠𝑗(𝑧, Δ𝑡𝑗) = 𝑒
−𝑎𝐿𝑅Δ𝑡𝑗[𝑇𝑤𝑓(𝑧, 𝑡𝑝𝑗) + Δ𝑇𝑠𝑓(Δ𝑡𝑗 = 0

+)] (63) 

where 𝑇𝑤𝑓(𝑧, 𝑡𝑝𝑗)  is the wellbore temperature at moment of shut-in at the gauge depth of z, which is computed from Eq. 62 with 

Δ𝑡𝑗 = 𝑡𝑝𝑗 and Δ𝑇𝑠𝑓(Δ𝑡𝑗 = 0
+) is sandface temperature change computed from Eq. 40 for a small dt equal a value from 1 to 5 seconds 

to account for immediate impact of shutting in the well (i.e., the heating response caused by the adiabatic fluid compression. 

 

5. COMPARISION OF SANDFACE AND WELLBORE TEMPERATURE SOLUTIONS 

Here, we compare our sandface and wellbore temperatures computed from analytical, semi-analytical, and numerical solutions.  

 

5.1 Sandface Temperature Solutions  

We consider the same synthetic drawdown and buildup case considered in Palabiyik et al. (2016). The input data used in computations 

are given in Table 1. We consider two different values of the skin factor; S = 0 and 5. However, for the case of 𝑆 =  5, as shown in 

Table 2, we vary 𝑟𝑆 and 𝑘𝑆 to show the individual effects of these two skin zone parameters on transient temperature responses. The 

simulated test sequences consist of a 5-day production at a constant mass rate of 40 kg/s (or = sm3/s) followed by a 15-day buildup. 

The outer reservoir radius 𝑟𝑒 is chosen large enough so that the system acts as infinite acting during the total duration of the test. 

 

Shown in Figs. 4 are comparisons of sandface drawdown solutions computed from the analytical equation given by Eq. 29 (Panini et 

al. 2019), the semi-analytical solution of Eq. 1 (Onur et al. 2017), and CMG-STARS for Case 1 (𝑆 =  0) and Case 2 (𝑆 =  5, 𝑟𝑆  =
 1.06 m), while shown in Figs. 5 are comparisons of buildup solutions from the same solutions for the same two skin cases.  As can 

be seen, all three solutions are in close agreement, though sandface temperatures computed from the semi-analytical solution of Onur 

et al. (2017) agree better with the more rigorous CMG-STARS solution.   

 

 

Figure 4: Comparison of sandface temperature  Figure 5: Comparison of sandface temperature 
  solutions for drawdown.    solutions for buildup. 

 

 

Table 1 ─ Input parameters for synthetic drawdown and buildup test; (a) fluid properties, (b) rock properties, and (c) 

wellbore and reservoir parameters. 
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Table 2 ─ Skin zone parameters. 
 

Skin Cases Skin factor, S (unitless) k (m2) kS (m2) rS (m) 

Case 1  0 4.93510-14 4.93510-14 0.1 

Case 2 5 4.93510-14 1.58310-14 1.06 

Case 3 5 4.93510-14 8.18610-15 0.27 

 

(b) Rock properties input data. 

Parameter Value 

k (m2) 4.93510-14 

kS (m2) variable 

 (fraction) 0.10 

h (m) 50 

s (kg/m3) 2650 

cps (J/kg-K) 1000 

cTr (Pa-1) 0.0 

pr (K-1) 0.0 

tr (J/m-s-K) 2.92 

cptr (J/m3-K) 2.779106 

cTth (m/Pa) 2.93410-9 

 

(c) Wellbore data and reservoir. 

Parameter Value 

rwb (m) 0.1 

rS (m) variable 

re (m) 25,000 

S (dimensionless) variable 

𝑞𝑠𝑐𝑤(sm3/s) 410–2 

(J/m3-K)  2.779106 

(dimensionless) 1.419 

(K/Pa) 1.50010-8 

tr  (m2/s) 1.05110-6 

λe [J/m-s-K] 1.731 

λcem [J/m-s-K] 0.346 

αe [m/s] 7.380610-7 

gG [K/m] 0.10 

g [m/s2] 9.80665 

Lw [m] 1300 

θw [°] 90 

rci [m] 0.0692 

rco [m] 0.0782 

D [m] 0.1385 

Teiwh [K] 293.15 

Teibh [K] 423.15 

CT [dimensionless] 0 

 

trpc )(

pRc

*
t

(a) Fluid properties input data. 

Parameter Value 

Ti (K) 423.15 

pi (MPa) 12.5 

w (kg/m3) 923.68 

 (m3/sm3) 1.08 

cTw (Pa–1) 5.86810–10 

pw (K-1) 9.85310–4 

μw (Pa.s) 1.85510–4 

JTw (K/Pa) -1.47810–7 

w (K/Pa) 1.05710–7 

cpw (J/kg-K) 4269.9 

  

 

wB
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5.2 Wellbore Temperature Solutions  

Here, we compare the wellbore temperatures computed from the Onur et al.  (2017) and Galvao et al. (2019) solutions at three 

different gauge locations for both drawdown and buildup periods for the case of zero skin (Case 1 of Table 2). Fig. 6 shows a 

comparison for the drawdown period for three different gauge locations; 𝑧𝑔  = 0, 50 and 500 m, while Fig. 7 shows a comparison for 

the buildup period for the same gauge locations. For the results shown in Figs. 6 and 7, we used the sandface solutions computed 

from the Onur et al. semi-analytical solution. As can be seen, there is a big difference between the two solutions at early times. As 

mentioned before, the main differences between these two solutions are due to their treatment of a transient wellbore-temperature 

gradient ∂T/∂z when solving Eq. 41 (or equivalently Eq. 51) and the treatment of density of the fluid. Onur et al. 2017 assumes density 

is constant, while Galvao et al. (2019) treats density as of function temperature (see Eq. 55). Hence, we expect the Galvao et al. 

solution (Eq. 45) is more accurate over the Onur et al. solution (Eq. 52) if both solutions are evaluated by assuming constant rate for 

the drawdown period and zero rate for buildup period. Although not shown here, we have compared the Onur et al. (2017) and Galvao 

et al. (2019) solutions for Cases 2 and 3 and obtained similar conclusions to that of zero skin case shown in Figs. 6 and 7. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6: Comparison of wellbore temperature solutions Figure 7: Comparison of wellbore temperature 
for drawdown at three different gauge locations  solutions for buildup at three different gauge locations. 

 

6. FLOW REGIMES EXHIBITED BY SANDFACE & WELLBORE TEMPERATURE DATA 

Here, we present and investigate sandface and wellbore temperature transient behaviors of a vertical well producing in infinite-acting 

two-zone radial composite reservoirs at a specified constant. Unless otherwise stated, we consider our reference case (Tables 1 and 

2) to generate our results for a constant-rate drawdown period and buildup period following a constant-rate drawdown period, 

considered in the previous section. Here, we only present results for constant-rate drawdown and buildup cases. The constant bottom-

hole pressure (BHP), variable rate and variable rate production cases can be found in Bircan (2020) and Alan (2020).  

 

6.1 Sandface Temperature Solutions  

As discussed in Section 3, Onur et al. (2016) identified the flow regimes which may be exhibited by the sandface temperature transient 

data for a fully-penetrating well producing at a specified constant rate with and without skin effects. Their study only considered an 

infinite-acting homogeneous reservoir system. Based on Onur et al. (2016), sandface temperature data for this case may exhibit three 

radial-flow regimes; (i) early-time radial flow occurring at very early times of flowing time, (ii) intermediate radial flow occurring at 

the intermediate times if there is a skin zone adjacent to the wellbore, and (iii) late-time radial flow occurring at late flowing times. 

Onur et al. (2016) presented the approximate equations for each of these three flow regimes mentioned above, which aid analysis of 

temperature transient data to infer various fluid and heat flow related reservoir parameters of interest, such as porosity, permeability, 

skin zone radius, Joule-Thomson coefficient, from temperature transient data. These equations are given previously in Section 3.  

 

For flow regime identification purposes from temperature data, Onur et al. (2016) and Onur and Cinar (2017a) propose to use the 

following derivative function for flow regime identification: 
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𝑎𝑏𝑠 (

𝑑∆𝑇𝑤𝑓

𝑑 ln 𝑡
) =  |𝑡 

𝑑∆𝑇𝑤𝑓

𝑑𝑡
|, 

(64) 

where 𝑇𝑤𝑓 can represent either the sandface temperature (𝑧𝑔  =  0) or the wellbore temperature (𝑧𝑔  >  0). We simply refer it to as 

the temperature-derivative. Fig. 8 shows log-log diagnostic plots of absolute value of temperature-derivative data versus flowing time 

for the infinite-acting with and without skin cases of Table 2. Fig. 8 presents only the results for drawdown response. For the same 

cases, the derivatives of sandface temperature for buildup period for the same test case can be found in Onur et al. (2016). As seen 

from Fig. 8, temperature-derivative data without skin zone for an infinite-acting reservoir case identifies three flow regimes: (i) early-

time IARF reflecting non-skin zone properties, and (ii) late-time IARF. In Fig. 9, a semilog plot of sandface drawdown temperatures 

with and without skin cases of Table 2 is shown. As also shown in Figs. 8 and 9, when there exists a skin zone, temperature-derivative 

data show early-time IARF and intermediate-IARF with zero-slope lines reflecting the skin zone properties as discussed before. The 

late-time flow regime observed reflects non-skin zone properties, as given by Eq. 35. It is worth noting that if temperature data exhibit 

all three flow regimes, we can estimate skin zone properties such as 𝑘𝑆 and 𝑟𝑆, J-T coefficient, thermal diffusivity/conductivity of the 

total system, and the non-skin zone permeability. However, we should note that thermal diffusivity/conductivity of the total system 

cannot be estimated reliably from the sandface temperature data as such data are not sensitive to the thermal diffusivity/conductivity. 

Sandface buildup data show more sensitivity to the thermal diffusivity, see Eq. 40. Another important remark is that the skin zone 

parameters 𝑘𝑆 and 𝑟𝑆 cannot be estimated from transient pressure data alone as diffusion of pressure transient data is much faster than 

that of temperature transient data. For example, as can be seen from Figs. 8 and 9, the skin zone affects the sandface temperature 

responses until about 0.2 hours for 𝑟𝑆 = 0.27 m case and 5 hours for 𝑟𝑆 =  1.06  m case. Although not shown here, the effect of skin 

zone on pressure transient responses are not observable after 0.01 hours.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8: Log-log diagnostic plots of temperature-derivative versus time for constant-rate drawdown test with three different 

skin cases of Table 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 9: Semi-log plots of temperature-derivative versus time for constant-rate drawdown test with the three different skin 

cases of Table 2. 
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Figure 10: Log-log diagnostic plots of wellbore temperature-derivative versus time for constant-rate drawdown test for four 

different gauge locations in the wellbore, Case 1 (zero skin) of Table 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11: Log-log diagnostic plots of wellbore temperature-derivative versus time for buildup test for four different gauge 

locations in the wellbore, Case 1 (zero skin) of Table 2. 
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Figure 12: Log-log diagnostic plots of wellbore temperature-derivative versus time for drawdown test for four different gauge 

locations in the wellbore, Case 2 (non-zero skin) of Table 2. 
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6.2 Wellbore Temperature Solutions  

To investigate the flow regimes exhibited by the wellbore temperatures data measured at gauge locations above the sandface or feed 

zone, we inspect the log-log diagnostic plots of wellbore temperature derivatives as shown in Fig. 10 for drawdown and in Fig. 11 

for buildup periods. We have used the Galvao et al. (2019) analytical solutions given by Eq. 62 and 63. As can be seen, drawdown 

derivative response contains more information as to the reservoir parameters than wellbore buildup temperatures. Both figures show 

wellbore-temperature derivatives for four different gauge locations; 𝑧𝑔 = 0, 50, 100, 500 m for a case where skin is zero (Case 1 of 

Table 2). Clearly, as we place our gauge 100 m or more above the sandface, the late-time zero slope line for the drawdown period 

shifts in the upward direction. This is most likely because of the heat loss parameters on the wellbore temperatures as the fluid rises 

in the wellbore during drawdown. At this point in time, we do not have an expression for the late-time zero slope line of the wellbore-

temperature derivative, though it can be derived by differentiating Eq.  62 and 63. The early-time wellbore temperatures for both 

drawdown and buildup exhibit a unit-slope line, which may due to the thermal expansion of the fluid in the wellbore. Currently, we 

do not have an expression of the early-time unit-slope lines exhibited by both drawdown and buildup wellbore temperatures. Clearly, 

the buildup late-time wellbore temperatures do not contain any reservoir information as the wellbore fluid during buildup cools down 

to the temperature of the strata across the gauge location as they exponentially decrease as heat losses become steady state. Fig. 12 

shows the effect of skin zone on the wellbore temperature derivatives for the constant-rate drawdown period for Case 2 of Table 2 

(𝑟𝑆  =  1.06 m).  

 

7. NONLINEAR PARAMETER ESTIMATION 

We recommend to use the Maximum Likelihood Estimate (MLE) method and the Levenberg-Marquardt algorithm for minimizing 

the MLE the objective function given by (Kuchuk et al., 2010) 

 

 

𝑂(𝐦) =
1

2
 𝐼𝑝𝑁𝑝ln {∑[𝑝𝑤𝑓,𝑜𝑏𝑠,𝑖 − 𝑝𝑤𝑓,𝑚𝑜𝑑,𝑖(𝐦)]

2

𝑁𝑝

𝑖=1

+∑[𝑇𝑤𝑓,𝑜𝑏𝑠,𝑖 − 𝑇𝑤𝑓,𝑚𝑜𝑑,𝑖(𝐦)]
2

𝑁𝑇

𝑖=1

}, 

(65) 

when estimating reservoir and well parameters of interest from transient sandface and wellbore temperature jointly with the pressure 

data. In Eq. 65, 𝐼𝑝 and 𝐼𝑇 have values of either 1 or 0 and they are used for matching either pressure data set or temperature data set 

or both. 𝑁𝑝 and 𝑁𝑇 are the number of observed pressure data (𝑝𝑤𝑓,𝑜𝑏𝑠) and observed temperature data 𝑇𝑤𝑓,𝑜𝑏𝑠), respectively. In Eq. 

56, m represents M-dimensional vector of model parameters to be optimized by minimizing Eq. 56. Four the problem of interest here, 

the unknown model parameter vector can consist of five model parameters: 

 

 𝐦 = [𝑘𝑂, 𝑘𝑆, 𝑟𝑆, 𝛼𝑡,  𝑒𝐽𝑇𝑤 , 𝜙]
𝑇
. (66) 

Recently, Panini et al. (2019) consider nonlinear parameter estimation based on the MLE from sandface temperature data. They show 

that the rock, fluid and thermal properties of the skin zone and non-skin zone can be reliably estimated by regressing on temperature 

transient data jointly with pressure transient data in presence of noise.  

 

8. SUMMARY AND CONCLUSIONS 

In this study, we presented semi-analytical and analytical solutions based on a coupled transient wellbore/reservoir thermal model to 

predict temperature transient measurements made under constant rate and bottom-hole pressure production as well as variable rate 

and bottom-hole pressure production histories in a vertical or an inclined wellbore across from the producing horizon or at a gauge 

depth above it. We show that unlike the “sandface” temperature measurements made close to the producing zone, the temperature 

measurements made at locations significantly above the producing horizon are dependent upon the geothermal gradient and radial 

heat losses from the wellbore fluid to the formation on the way to gauge and hence more difficult to interpret for well productivity 

evaluation and reservoir characterization. For the specific example considered in this work, it was found that if the gauge location 

exceeds 100 m, the wellbore temperatures measured at higher gauge locations from the producing horizon are contaminated by the 

heat losses to adjacent formation. The solutions can be used as forward models for estimating the parameters of interest by nonlinear 

regression built on a gradient-based maximum likelihood estimation (MLE) method. Log-log diagnostic and semi-log analysis 

methods proposed in this study can be used to obtain good initial guesses of parameters which derive the MLE objective function to 

have reliable optimized estimates. Some applications of this nonlinear parameter estimation will be given in a future study. 
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