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ABSTRACT  

The Geothermal Research Initiative (GRI) a group of university, CSIRO and Geoscience Australia researchers have agreed to 

collaborate on the research and development of geothermal energy resources across a broad range of technologies and geographical 

locations in Australia. This paper describes the work of a subgroup dedicated to developing a Reservoir Engineering Program 

specifically designed for extracting heat from the high stress and high temperature structures encountered in Australian conditions. 

The program was specifically designed to incorporate the insights gained from the failure of the commercial exploitation and the 

conventional stimulation techniques employed in EGS targets in Australia. The outcomes emphasize the necessity to understand the 

geological structure providing the pathways for deep fluids.  

The current paper explores the use of an innovative 3D numerical technique to characterize these pre-existing geological structures 

in the context of high temperature deformation and fracture mechanical behavior. Next a stimulation technique for effective 

stimulation of these pre-existing fractures in the light of the material laws derived in the previous step is presented. This 

numerically assisted reservoir engineering program has been tested and compared with field observations and laboratory analyses 

of source rocks under similar tectonic, fluid pressure, chemistry and thermal conditions reproduced in the laboratory. The 

consideration of previously ignored high temperature deformation mechanisms is expected to provide new unexplored opportunities 

for the stimulation strategy of EGS plays.  

The validated numerical reservoir program is then used to evaluate geothermal energy potential of a typical Australian deep hot 

crystalline basement in Central Australia. Results of this study include subsurface fracture maps, injection pressure for different 

flow rates, produced fluid temperature for different circulation periods and flow rates, matrix temperature drawdown and finally the 

thermal energy recovery factor for different flow rates and production periods. 

1. INTRODUCTION  

A significant proportion of world’s geothermal systems in particular Australian geothermal reservoirs are characterized by high in 

situ stresses, poorly interconnected fracture systems, large thermal gradients and lack of aquifer support for natural recharge 

(Narayan et al. 1998) which lead to high impedance between injector and producer wells, thus making them commercially unviable. 

In order to overcome fluid flow barrier, a combination of hydraulic, thermal and chemical stimulation has to be employed to open, 

extend and interconnect the pre-existing natural network of fractures to enhance fracture conductivity (Gholizadeh Doonechaly et 

al. 2012). The potential of the specific subsurface rock masses for construction of a geothermal power plant depends on a number 

of factors, such as rock type, rock permeability, fracture distribution, subsurface stress field, etc. Rock matrix in Enhanced 

Geothermal Systems (EGS) has a low permeability. Hydraulic stimulation has been used to reopen existing fracture system and/ or 

create interconnected fracture system by slip open.(McClure and Horne 2014).  Fracture apertures in natural rocks are affected by 

changes in the effective normal stress and/ or shear displacement (sliding) at the fracture surface. Due to the roughness of the 

fracture surfaces, the fracture lateral offset causes fracture dilation. Fracture begins to slip when the shear stress acting parallel to 

the fracture plane exceeds its sliding resistance (Goodman 1976, Willis-Richards et al. 1996).  The increase in fracture aperture due 

to the lateral offset of fracture is an important phenomenon that greatly affects the permeability of the rock masses (Fomin et al. 

2003). Several attempts have been made in the past to characterize the shear dilation of the fracture surfaces (Hossain et al. 2002, 

Rahman et al. 2002). One of the most comprehensive attempts to characterize the shear dilation caused by the fracture surface 

asperities was developed by Barton et al. (1985). In this model, the rock behavior is described by characteristic properties of 

fracture surfaces, fracture aperture and the effect of normal and shear displacement on fracture aperture. Main advantages of the 

model proposed by Barton et al. (1985) are: sample size, laboratory procedure representing fracture surface roughness and coupling 

between the shear stress, displacement, dilation and conductivity. The main problem in implementing this model, however, is the 

under-estimation of the hydraulic aperture (Buzzi et al. 2007). Following Barton et al. (1985), Piggott and Elsworth (1991) 

proposed a methodology based on fracture surface topography to estimate shear displacement under different stresses. Such a 

topographical model uses empirical correlations to describe the fracture surface roughness both qualitatively and quantitatively. 

Fracture surface roughness is also characterized by using the self-affine fractal model (Voss 1985, Rayner 1995). Olsson and 

Brown (1993) developed an experimental procedure to study the effect of normal stress and shear dilation on fluid flow properties 

of a naturally fractured core sample. They have used a servo-controlled axial/torsion load frame to test the fluid flow and 

mechanical behavior of the fracture surface under normal stress, slip and shear dilation (Berry et al. 1996). Willis-Richards et al. 

(1996) proposed an improved methodology to determine the change in fracture aperture based on the amount of shear displacement 

between the fracture surfaces and the stress boundary condition. They have used the hyperbolic joint closure model to describe the 

normal compliance of the fractures (Lockner et al. 1977, Hast 1979). Also the effect of fluid pressure on the fracture surface 

separations is characterized by using normal fracture stiffness.  Hossain et al. (2002) and Rahman et al. (2002) extended the work of 
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Willis-Richards et al. (1996) by considering the effect of fracture propagation during shear dilation event. They used an analytical 

approach (Rahman et al. 2000) to incorporate the fracture propagation into the modeling procedure. 

As mentioned, all the previous attempts focused on fractures with limited sizes subject to uniform stress boundary conditions. It is, 

however, important to consider fractures subject to varying boundary conditions, such as stress and rock mechanical properties 

along the surface of the fracture. This can yield a more accurate estimation of the aperture distribution. In this study, an analytical 

methodology based on distributed dislocation technique proposed by Kotousov et al (2011) is used to estimate the aperture 

distribution caused by the shear dilation in a fracture subject to varying stress boundary conditions.  

The first step in understanding the complex poro-thermo-elastic effects of injected fluid pressure in fractures is the acquisition of 

characteristic properties of the subsurface fracture system. Numerous methodologies of characterising subsurface fractures have 

been reported in the literature (Nima). These methodologies are associated with high uncertainties due to lack of verification. In 

order to reduce the uncertainty we used a two steps procedure: first, tracking the fracture backbone in microseismic cloud events is 

used to generate a subsurface map. Then the numerical model for simulation of pressure derivatives was validated against an 

analytical solution. The authors selected Habanero enhance geothermal reservoir to study the effect of induced fluid pressure on the 

change of fracture aperture and consequent change in permeability. In order to verify the numerical model it is used to simulate 

pressure derivatives and then compared the pressure derivatives with that from pressure drawdown data. 

Following verification of subsurface fracture map the reservoir is subjected to injected fluid pressure. The pressurization is 

performed by injecting fluid through Habanero #1 while keeping Habanero #2 and Habanero #3 closed. Well location and distance 

between wells are chosen based on the Habanero geothermal system.  

Despite the presence of multiple fractures in various sections of the Habanero geothermal reservoir, the vast majority of fluid flow 

occurs over a short section of intensely fractured zone referred to as the “Main Fracture” (Bendall et al.). An analysis of hot water 

production is performed for three well configurations, Habanero #1 is the injection well and Habanero well #2 & #3 are the 

production wells. 

2 METHODOLOGY 

In this study, a comprehensive numerical methodology is proposed to (a) generate the subsurface fracture map of the reservoir, (b) 

simulate fluid flow and heat transfer as a result of cold fluid injection and (c) evaluation of the shear dilation events within the 

reservoir to estimate the reservoir stimulation. The proposed methodology is explained in details as follows.  

2.1 Generation of Subsurface Fracture Map 

Seismic surveys are widely utilized to understand the subsurface fracture map of the reservoirs (Gholizadeh Doonechaly and 

Rahman 2012). Microseismic events recorded during water injection occur primarily at the tips of the fractures (Warpinski et al. 

2004). Assuming that all the recorded events are tip-events, a fracture network backbone may be computed using a Euclidean 

Minimum Spanning Tree (EMST) algorithm (March et al. 2010). Figure 1 show the complete Fracture Network generated in this 

study by using EMST in a plan view. Details of this fracture network are shown in figures 2 and 3. Figure 4 shows the same 

network detail as Figure 3 with the addition of the location of the microseismic events colored using their recorded magnitude. 

 

Figure 1: Complete fracture network for the Habanero field generated in this study by the EMST algorithm 

 

To estimate the fracture planes the length of each segment in the fracture network backbone was computed and a fracture height 

was assigned based on a height to length ratio. The initial value of this ratio was set to be 0.1, though this is a parameter that can be 
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adjusted. Dip angles for the fractures were assigned stochastically based upon the mean and variance of dip-angle distributions 

measured in similar environments from image logs. This process creates a complete 3D backbone of the fracture network linking 

each of the microseismic events. 

The assumption that all microseismic events that are recorded during pumping occur at the tips of the existing fracture network is 

not necessarily correct. Figure 5 shows the microseismic events recorded at the Habanero site up to and including 12 September 

2005. There are clearly multiple clusters of data. The events in the south west are those associated with pumping in Habanero #2 

which commenced on 7 August 2005. The large cluster in the north east is associated with pumping in Habanero #1 which started 

on 6 September but stopped for 48 hours on September 8 due to a pump malfunction. A time-stepped EMST algorithm is being 

developed to add events to an existing EMST which would result in a more accurate fracture backbone. Figure 5 shows more than 

two clusters of events. There are individual events between the two well-induced clusters, and there is another cluster between the 

two wells. These individual points and the smaller cluster between the two wells could be due to extension of the existing fracture 

network from Habanero #1 or Habanero #2, or it could be induced seismicity due to the changing stress conditions resulting from 

pumping into the two wells. The fracture network that is created would be different for these two different alternatives, and a 

scenario-based algorithm for the computation of an accurate fracture network backbone is currently being developed. This 

algorithm uses additional information from the microseismic signatures to classify microseismic events as a pre-processing step to 

the construction of the EMST.  

 

Figure 2: Fracture network detail for the Habanero field generated in this study by the EMST algorithm 

 

 

Figure 3: Fracture network detail of the lower part of the Habanero field generated by EMST algorithm. 
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Figure 4: Fracture network detail showing event magnitude for the lower part of the Habanero geothermal field. 

 

 

Figure 5: Microseismic events recorded until to 12 September 2005. 

 

2.2 Poro-thermo-elastic Simulation 

In this study the small fractures (l < 20m) are considered as part of matrix porosity. First the reservoir domain is discretised along 

with medium to long fractures (l>20m) using tetrahedral elements of different size and geometry. Different tetrahedral elements 

have allowed us to refine mesh along the medium to large fractures. Next, permeability tensor of each tetrahedral element was 

determined using finite element technique (see Appendix A for the full methodology and description). Finally, finite element 

technique is employed to simulate fluid flow and rock deformation in reservoir domain. In order to discretise the mass-, 

momentum- and energy-conservation equations, the weighted residual method and the Green’s theorem are applied (Bathe 1996).   

The finite-element method is used in this study for the purpose of numerical simulation purpose. Therefore the state variables 

(namely: displacement, pore pressure and temperature) are defined using proper shape functions as: 

 
uu N u

                                                                   

 (1) 

 
pp N p

 

(2) 

 
TT N T

 

(3) 
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where, N is the corresponding shape function and u , 
p

 and T  are the nodal values of the corresponding state variable. By 

applying the Galerkin’s method and replacing the weighting functions by the corresponding variables’ shape functions, the weak 

form of the conservation equations can be written as follows (Watanabe et al. 2010, Watanabe 2012): 
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where w is the test function,   is the model domain,   is the domain boundary, t is the traction vector and d is the fracture plane. 

2.3 Validation of Numerical Fluid Flow Model 

To validate the numerical model, a sugar-cube reservoir has been created using an in-house 3D mesh generator code with two set of 

orthogonal vertical fractures having the same dip angle and different azimuth. An equal fracture spacing of 250 m is assumed with a 

vertical well at the center of the model penetrating the whole reservoir thickness. Horizontal fractures are ignored as they are 

usually not observed below moderate depth, so only vertical fractures are considered. Properties of the fractures, matrix and stress 

values are presented in Table (1). A single-phase draw-down test is performed for 3,500 days at a constant production rate of 5,000 

bbl/day simulated numerically using a discrete-fracture approach. 

 

Figure 6: Sugar cube model with a two set of orthogonal vertical fractures and a vertical well penetrating the model from 

top to the bottom at the centre of the domain. 

  

The pressure response at the wellbore was compared against an analytical pressure-transient solution introduced by (Warren and 

Root 1963) for dual-porosity model. 
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Table-1: Input data for the sugar cube model used in the numerical simulation for validation process. 

Reservoir dimensions 7500m x 7500m x1620 m 

Fracture spacing  250m 

Matrix permeability  0.01mD 

Matrix porosity 0.01 

Fracture permeability 1000mD 

Wellbore storage  0 bbl/psi-1 

Initial reservoir pressure 10,000psia 

Fluid viscosity 0.2cp 

Fluid compressibility 22.4E-06psi-1 

Horizontal stresses 9000psi 

Vertical stress 12000psi 

 

In Figure 7 the simulated and the actual pressure change and pressure derivatives are presented. The pressure derivative curve is 

like a bell shaped between 20 hrs. to 1000 hrs., indicating a transition flow period. In this flow period the matrix starts to feed the 

fractures network by fluid. During this period the fluid production at the wellbore is very low and pressure starts to drop slowly. 

The dip of this bell shaped is controlled by the value of storativity ratio (ω). As the (ω) gets smaller, the dip gets deeper and starts 

earlier. 

The horizontal portion of the pressure derivative curve from 1000 hrs. to 40,000 hrs. indicates the end of transition period and start 

of the composite system flow. This flow period is controlled by the value of inter-porosity flow coefficient (λ). The unit slope of 

pressure derivative curve between 10,000 hrs. to 100,000 hrs. indicates pseudo steady-state condition for the entire reservoir 

volume. By using this flow period, a reservoir volume and shape can be calculated. At early time response for idealized dual 

porosity transient behavior with a very low wellbore storage effects, a first radial flow regime is expected to appear before starting 

of transition flow period. This radial flow regime is governed by the flow only inside the fractures. As shown in Figure 7, there is a 

good agreement between the results of this study with that of the analytical solution.  

 

Figure 7: Pressure transient response of the sugar cube model generated by the developed model in the current study 

against that of generated with the dual porosity model. 

 

2.4 Verification of Subsurface Fracture Map 

Pressure drawdown in the production well Habanero #2 versus time and its derivative are presented in Figures 8 and 9 respectively. 

The results of this study are also compared with that from Habanero geothermal reservoir. As can be seen in Figure 8, the pressure 

profile from both studies exhibit the same pattern with the exception that, at the early times, the change in pressures are shifted by 

about half a cycle from that of the measured data. This shift at early times is due to the lack of information on reservoir properties. 

It is, however, noteworthy that the pressure derivatives obtained based on the current study are in a good agreement with that of the 

measured data from the Habanero geothermal reservoir. 
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Figure 8: Log-log plot of pressure derivative and pressure change of the draw down test conducted in Habanero #2 well. 

 

 

Figure 9: Plot of the drawdown history of Habanero #2. 

 

2.5 Shear Dilation of the Fracture Surfaces 

The change in aperture distribution along the fracture surface due to induced fluid pressure is calculated based on an analytical 

methodology in which fracture geometry, stress distribution and fluid pressure inside the fracture are needed to be known as a 

priori. For this purpose the developed thermo-poro-elastic model (see above) is used to simulate the fluid flow in the reservoir 

scale. In current study, an analytical computational methodology based on distributed dislocation technique proposed by Kotousov 

et al. (2011) is used to estimate the aperture distribution caused by the shear dilation in a fracture subject to different varying stress 

boundary conditions. Two major assumptions are used in this approach to characterize the shear dilation of the fracture surfaces. 

The shear slippage between the fracture surfaces is described by using Coulomb friction law which explains the friction stress 

during the shear slippage based on the normal stress exerted on the fracture planes with a proportionality contact named friction 

factor as: 

 
 

 (9) 

Where, is the threshold shear stress value to initiate the shear slippage between the fracture surfaces. Also the friction factor,

, is dependent on the material properties, fracture geometry and surface asperities of the fracture (Kotousov et al. 2011). Estimation 

of the shear dilation caused by the shear slippage of the fracture surfaces is of crucial importance in many areas especially fluid 

flow simulation. Because a minor change in the fracture aperture causes a significant alteration of the fracture permeability. In this 

study the coupling between the shear displacement and the change in fracture aperture is described by via a step function. Fracture 

displacement normal to the fracture plane is simulated by using virtual springs distributed along the fracture length. Such springs 

are characterized by a specific spring constant which can be calculated numerically, experimentally or analytically (Kotousov et al. 

2011). Also the spring deformations are modeled in an elastic framework which results in the following system of equations 

describing the stress between the fracture surfaces as: 

 
 for   
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 for  

(11) 

Where,  is the characteristic height of the fracture and k is the spring constant. In this study, the methodology proposed by Gangi 

(1978) is used to calculate the spring constant based on the proposed bed of nails as: 

   
b

k E
L




 

(12) 

Where, E is the Young modulus of elasticity, L is the fracture length and b is a constant less than unity.  

3. RESULTS AND DISCUSSIONS 

The proposed methodology is used to study the pressure response of the Habanero geothermal reservoir during the injection of the 

cold fluid (Bendall et al. 2014). The pressurization of the reservoir is carried out over a period of 12 days. During this period, the 

reservoir is pressurized and the change in fracture aperture monitored. Following the stimulation of the reservoir a flow test is also 

carried to evaluate the potential of hot water production from Habanero reservoir. The results of change in average fracture aperture 

within the reservoir against the stimulation time are presented in Figure 10. After 300 hours (12.5 days) of stimulation an average 

increase in aperture by 20% is observed. It is also observed that the rate of increase in aperture is near linear. In Figure 11 the 

pressure profile after 40hrs (left) and 100hrs (right) of injection are presented. In Figure 12 the pressure drop between the injection 

and production wells as a function of production rate is presented. Pressure drop can be perceived as the energy spent to overcome 

the reservoir impedance. This means that, initially, production rate increases as more energy spent to overcome the reservoir 

impedance. This increase in production, however, levels out at about 50l/s for an impedance of 6000psi. Any further increase in 

pressure drop (spent energy) does not increase production rate significantly. This suggest that an optimum injection rate can be 

obtained for a given stimulation pressure.  

 

Figure 10: Average increase in fracture apertures versus time due to injected fluid pressure of 51.1MPa; σH = 62 MPa, σh = 

58.6 MPa and σv = 82.7 MPa. 

 

          

Figure 11: Pressure distribution after 40hrs (left) and 100hrs (right) of injection of fluid at 51.1MPa; σH = 62 MPa, σh = 58.6 

MPa and σv = 82.7 MPa.  
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Figure 12: Reservoir impedance at different production rate; σH = 62 MPa, σh = 58.6MPa and σv = 82.7 MPa. 

 

 

Figure 13: Location and size of the dilation events due to the injected fluid pressure of 51.1MPa, σH = 62 MPa, σh = 58.6 

MPa, σv = 82.7 MPa, Ti = 250°C, after (a) 20hrs, (b) 100hrs, (c) 96hrs, (d) 288hrs and (e) 720hrs. (The radiuses of the 

spheres are not in scale). 
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The location and magnitude of the shear dilation events are also presented in Figure 13. As shown in the Figure 13, during the 

injection period (720hrs) there has been significant increase in shear dilation, however, the magnitude of dilation (increase in 

aperture) increases with time. Noteworthy, the increase in dilation magnitude remain small until 12 days (288hrs) of stimulation 

after which a significant increase in the dilation event (size of the spheres) can be observed. The stimulation results also show that 

the dilation events grow horizontally in all directions. The Habanero stimulation field test for a period of 12 days showed a 

downward as well as horizontal propagation of the dilation events. It has been postulated that downward propagation of dilation 

events is due to existence of fracture network which stems from longer time-scale processes (known as thermally activated creep 

processes) than previously thought (Fusseis et al. 2009, Lieb et al. 2012). Although the current study does not consider thermally 

activated creep process over longer term results show that new techniques has the potential to improve our understanding of 

stimulation behavior when subjected to induced fluid pressure. A comparative study of the location of the microseismic events 

produced during field test at Habanero geothermal reservoir and the current numerical study is made and presented in Figure 14. 

The blue circles represent events generated due to injection of fluid after 30 days and the green circles present the location of the 

dilation events observed based on the current study. Results of this study show a close match with that from the field test. 

 

Figure 14: A comparison between the dilation events in this study (green circles) with that from the field test trial (blue 

circles) with σH = 62 MPa, σh = 58.6MPa, σv = 82.7 MPa, Pinj = 49.6 MPa and Pi = 35.16 MPa after 30 days of fluid 

injection. 

 

Following the stimulation a numerical experiment is carried out to evaluate the produced fluid temperature as a result of the cold 

fluid circulation over a production period of 12 years. The results of this experiment are presented in Figures 15-18. Figure 15 

shows the reservoir pressure profile after 1 (left) year and after 6 (right) years of cold fluid circulation. As shown by the figure, 

after one year of production, fluid only swept through the long interconnected fracture system. However, after six years of 

production the injection pressure significantly advanced towards the production well. At this stage, the fluid swept through the 

major parts of the reservoir.  

  

Figure 15: Reservoir pressure profile in Habanero reservoir with σH = 62 MPa, σh = 58.6MPa, σv = 82.7 MPa, Pinj = 49.6 

MPa, ∆p = 21.37 MPa, Tinj = 100°C, Ti = 250°C and Pi = 35.16 MPa after 1 year (left) and 6 years (right). Long 

fractures which are used for the discrete fracture mesh generation are presented in the figure.  
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Figure 16 presents the matrix temperature altered by the cold fluid circulation. As shown in Figure 16 (top) after one year of 

circulation the temperature of a small part of the reservoir is affected. After six years of circulation (Figure 16 (bottom)), however,   

the fluid sweeps over a larger part of the reservoir which increases the thermal drawdown. Figure 17 presents the produced fluid 

temperature as a function of time. As shown in the figure, the produced fluid temperature remains constant at the beginning of the 

hot water production. From Figure 17, it can also be observed that the thermal breakthrough occurs after two years of cold fluid 

circulation after which the produced fluid temperature starts to decrease. With the time, the rate of thermal drawdown increases. 

This is attributed to the fact that thermal draw down causes additional thermal stresses which further increase the fracture apertures. 

In another word, thermal stresses contribute to development of new flow paths and, therefore increase the effective volume of the 

reservoir. Simulated thermal stress profile of the Habanero geothermal reservoir after 6 years of cold fluid circulation is presented 

in Figure 18. As shown in the figure the thermal stresses significantly grow throughout the reservoir after six years of cold fluid 

circulation which in turn reduces the effective stress in the corresponding regions significantly.  

 

Figure 16:  Rock matrix temperature distribution in °C in Habanero reservoir with σH = 62 MPa, σh = 58.6MPa, σv = 82.7 

MPa, Pinj = 49.6 MPa, ∆p = 21.37 MPa, Tinj = 100°C, Ti = 250°C and Pi = 35.16 MPa after 1 year (top) and 6 years 

(bottom). Long fractures which are used for the discrete fracture mesh generation are presented in the figure.  
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Figure 17: Produced fluid temperature as a function circulation time (for a period of 12 years); σH = 62 MPa, σh = 58.6MPa, 

σv = 82.7 MPa, Tinj = 100°C, Ti = 250°C, the injector bottomhole pressure, Pinj is kept constant at 48.95 MPa, with 

an injector–producer pressure impedance (∆p) of 21.37 MPa and initial reservoir pressure of Pi = 35.16 MPa. 

 

 

Figure 18: Thermal stresses after 6 years of cold fluid circulation. Cold water injected at Tinj = 100°C. Initial reservoir 

temperature Ti = 250°C and initial reservoir pressure Pi = 35.16 MPa, σH = 62 MPa, σh = 58.6MPa and σv = 82.7 

MPa. 

 

CONCLUSIONS 

In this paper an innovative methodology is proposed to evaluate the stimulation of an Australian geothermal reservoir in a 

numerical thermo-poro-elastic framework. A semi-analytical approach is used to evaluate the change in fracture aperture at 

different stress and fluid pressure condition. The results of the developed technique were applied to the Habanero geothermal 

reservoir in Australia and the results were compared with that of the field measurements. The numerical results show that the 

dilation events propagate horizontally. Results of matrix drawdown and produced fluid temperature show rapid thermal draw down 
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of the reservoir after the thermal breakthrough. This is due to the fact that a few numbers of interconnected fractures are taking part 

in fluid circulation between injection and production wells which causes rapid cooling of the matrix. Another critical observation is 

that the effective stresses decrease as matrix cools down due to the fluid circulation as a result of thermal stresses. This, in turn, 

helps to increase fracture permeability and reduce impedance fluid circulation. 
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Appendix: Effective Permeability Tensor Calculations 

Three-dimensional flow equations used for permeability-tensor calculations are given by Darcy’s law and continuity equation as: 

{

𝑢𝑥

𝑢𝑦

𝑢𝑧

} = [

𝑘𝑥𝑥  𝑘𝑥𝑦 𝑘𝑥𝑧 

𝑘𝑦𝑥  𝑘𝑦𝑦 𝑘𝑦𝑧 

𝑘𝑧𝑥  𝑘𝑧𝑦 𝑘𝑧𝑧 

]  

{
 
 

 
 

𝜕𝑝

𝜕𝑥
𝜕𝑝

𝜕𝑦

𝜕𝑝

𝜕𝑧}
 
 

 
 

                                                                                                                                              (A-1) 

∇. 𝑢 = 0.0                                                                                                                                                                          (A-2) 

where u is the fluid velocity vector. Periodic boundary conditions are required for solving all elements of permeability tensor in Eq. 

(1). Periodic boundary condition was proposed by Durlofsky (1991) by assuming a constant pressure gradient along one direction 

with zero pressure gradients in all other directions, as shown in Eqs. (3), (4) and (5) shows. 

v𝑥 =  −𝑘𝑥𝑥
𝜕𝑝

𝜕𝑥
− 𝑘𝑥𝑦

𝜕𝑝

𝜕𝑦
− 𝑘𝑥𝑧

𝜕𝑝

𝜕𝑧
                                                            (A-3) 

v𝑦 =  −𝑘𝑦𝑥
𝜕𝑝

𝜕𝑥
− 𝑘𝑦𝑦

𝜕𝑝

𝜕𝑦
− 𝑘𝑦𝑧

𝜕𝑝

𝜕𝑧
                                                                                                                                   (A-4) 

v𝑧 = −𝑘𝑧𝑥
𝜕𝑝

𝜕𝑥
− 𝑘𝑧𝑦

𝜕𝑝

𝜕𝑦
− 𝑘𝑧𝑧

𝜕𝑝

𝜕𝑧
                                                                                                                                    (A-5) 

  

Fig.A-1: Periodic boundary conditions used to calculate elements of permeability tensor in a three-dimensional space by 

using single-phase flow model. 
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Pressure and flux boundaries are specified in Eq. (6-11). By specifying a zero pressure gradient along the other faces ( 
∂p

∂y
=0.0, 

 
∂p

∂z
=0.0) three elements of permeability tensor can be determined as follows: 

P (y, x=0, z) = P (y, x=1, z)                on ∂D3 and ∂D4                                                                                                                                                     (A-6) 

u (y, x=0, z)•n3 = -u (y, x=1, z)•n4       on ∂D3 and ∂D4                                                                                                                                                   (A-7) 

P (y=0, x, z) = P (y=1, x, z) - G        on ∂D1 and ∂D2                                                                                                                                                       (A-8) 

u (y=0, x, z)•n1 = -u (y=1, x, z)•n2       on ∂D1 and ∂D2                                                                                                                                                   (A-9) 

P (y, x, z=0) = P (y, x, z=1)               on ∂D5 and ∂D6                                                                                                                                                       (A-10) 

u (y, x, z=0)•n5 = -u (y, x, z=1)•n6        on ∂D6 and ∂D6                                                                                                                                                  (A-11) 

where n is the outward normal vector at the boundaries, and G is the pressure gradient. The rest of permeability-tensor elements can 

be calculated by specifying the same boundary conditions as above-mentioned, but in the opposite directions. 

The effective permeability of fractured reservoir has been calculated by using finite element technique. Each fracture is represented 

as a sandwiched two dimensional element (triangular) between three dimensional elements (tetrahedral) representing the matrix 

porous medium as shown in Figure A-1.  

Single phase steady state fluid-flow in matrix can be written as follows: 

∇. (
k⃑ ⃑
 

µ
.∇p)+Q

H
=0.0                                                                                                                                                                                                                                   (A-12) 

v = - (
k⃑ ⃑
 

µ
∇p)                                                                                                                                                                      (A-13) 

where k⃑ ⃑
 
 is a full permeability tensor, µ is the fluid viscosity, Q

H
 is fluid source/sink term which represents the fluid exchange 

between matrix and fracture, or fluid extraction (injection) from the wellbore. Fluid-flow in a single fracture is also expressed as 

follows: 

∇̅. (
kf

µ
∇p

f
) +q++q-=0.0                                                                                                                                             (A-14) 

where  q+ and q- are the leakage fluxes across the boundary interfaces, ∇̅ is the divergence operator in local coordinates system 

(Watanabe et al. 2010), and Pf is the pressure inside the fracture. The permeability of the fracture can be expressed by a parallel 

plate concept (cubic law) as shown in Eq. 23. It has been assumed that the fracture surfaces are parallel and the fluid-flow through a 

single discrete fracture is laminar (Snow 1969).  

𝑘𝑓  =  
𝑏2

12
                                                                                                                                                                  (A-15) 

where b is the fracture aperture, and kf is the fracture permeability. 

The weighted-residual method is then used to derive the weak formulation of the governing equation of fluid-flow through a 

fractured system, and the standard Galerkin method was applied to discretise the weak forms with appropriate boundary conditions 

(Zimmerman and Bodvarsson 1996, Woodbury and Zhang 2001). 

Equations (12) and (14) are written separately for the matrix and fractures. The matrix is discretised using 3D elements and 

fractures are discretised by using 2D elements. If CFEQ represents the control flow equations (12) and (14), the integral form of the 

flow equations for discrete fracture model can be written as  

∫∫  
Ω

CFEQ dΩ= ∫∫  
Ωm

CFEQ dΩm+b x ∫∫  
Ωf

CFEQ dΩ̅f                                                                                    (A-16) 

where   Ω̅f represents the fracture part of the domain as a 2D entity, and Ωm represents matrix domain and Ω is the entire domain. 

2D integral fracture equation is multiplied by the fracture aperture b for consistency of the integral form. 

The finite element formulation of the governing equation for hydraulic process in matrix and fracture can be written in the matrix 

form as: 

[𝑀⃑⃑ ⃑⃑ ] [∆𝑝⃑⃑⃑⃑  ⃑]=𝑓                                                                                                                                                                (A-17) 

M⃑⃑⃑ ⃑⃑  ⃑ = M1
m⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  

+M2
f⃑⃑⃑⃑⃑⃑  ⃑⃑⃑⃑⃑⃑⃑  ⃑
                                                                                                                                                           (A-18) 

M⃑⃑⃑ ⃑⃑  ⃑ = ∫ ∇Np
mT

 
k

μ
Ω

 ∇Np
m dΩ+ ∫ ∇Np

f
T

 (
b x k

μ
)

Γ

 ∇Np
f  dΓ                                                                                                  (A-19) 
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f  = - ∫Np
mT

 
Γ

Q
H

 dΓ - M1
m⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  

 P⃑ 
i-1

m

- M2
f⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  
 P⃑ 

i-1
f

-∫Np
f
T

 
Γ

Q
H

 dΓ                                                                                          (A-20) 

where N is the corresponding shape function for the matrix and fracture elements and, and Γ is a domain boundary. 

After using these equations for pressure calculations, the average velocity for each reservoir block in x, y and z directions can be 

calculated by using Eq. (21-23) as: 

〈vx〉= - ∫ v.n3∂D3 
dx dz                                                                                                                                               (A-21) 

〈vy〉= - ∫ v.n1∂D1 
dy dz                                                                                                                                               (A-22) 

〈vz〉= - ∫ v.n5∂D5 
dx dy                                                                                                                                               (A-23) 

Full permeability tensor components can then be obtained as mentioned before by using Eqs. (3-5).  

 

Fig. A-2: Description of how the whole matrix for 3D space of fractures and rock matrix elements constructed to be used 

during the simulation process. 

 


