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ABSTRACT

The authors present mathematical models of shallow and deep
vertical heat exchangers. Based on the formulated mathematical
models, the effects of:  1) fluid mass flow rate, 2) the
temperature of a resource, and 3) the geometry of a heat
exchanger are determined both on the temperature of
circulating water at the outlet of the heat exchanger and on the
amount of heat energy extracted from the ground as well as the
amount of heat energy available at the surface.

1. INTRODUCTION

Geothermal energy is used, among other things, as a heat
source for ground-coupled heat pumps. When horizontal heat
exchangers shallowly situated under ground and vertical heat
exchangers of rather small depth are used, geothermal energy
extracted for small heat load applications (mostly one-family
houses). Increasing the vertical heat exchanger depth makes it
possible not only to extract more heat but also to further raise
the temperature of the circulating fluid. The depth setting highly
influences the choice of a heat pump and its efficiency.
Accessible publications do not provide simple methods of
performance calculations for vertical heat exchangers.
Therefore, the authors developed simplified mathematical
models for both shallow and deep vertical heat exchangers
(Fig. 1 and Fig. 6).

In the mathematical models of vertical heat exchangers, the
relationship between overall heat transfer coefficient and
characteristics of the resource were used.

Based on the formulated mathematical models, the effects of
heat transfer fluid mass flow rate, the temperature of the
deposit, and the geometry of the heat exchanger are
determined on the temperature of the circulating water at the
outlet of the heat exchanger and the amount heat energy
extracted from the ground and available at the surface. Using
the heat exchanger as a low temperature heat source, the
models were used to develop a system consisting of a vertical
heat exchanger and a heat pump for heating. When deep
vertical heat exchangers are used, it is possible to extract more
geothermal energy and supply a larger heat load. For this case,
the depth of the heat exchanger and the effect of insulating the
top of the production string were determined relative to the
choice of heat pump, including consideration of the amount of
heat that the load requires.

 2. SHALLOW VERTICAL HEAT EXCHANGERS
2.1 A shallow vertical heat exchanger with concentric
flow

The principle of operation of a geothermal heat exchanger with
concentric flow is presented in Figure 1a. In this case, the fluid
drawing heat from the deposit flows through the  annulus of
concentric pipes. Warm fluid returns to the surface through the
inner pipe. Figure 2 defines the variables used in the model of
the heat exchanger, the temperature profiles of the fluid, and a
differential element of the heat exchanger.
The balance equations for fluid in the annulus when the
equations of heat exchange are taken into consideration, can be
written as follows:

( ) ( ) XTTKXTTKTW ozw ddd 1121 −+−=& ,    (1)

( ) XTTKTW w dd 122 −=& ,    (2)

where: oLxX = , pcmW && = , ozzz LDkK π= , owww LDkK π= ,

W& – thermal capacity of heat flow [W/K], pc – specific heat at

constant pressure [J/(kgK)], m& – mass flow rate [kg/s], oL –

length of exchanger [m], x  – co-ordinate [m], X – reduced

co-ordinate, wz DD , – diameter [m], 21 , TT – temperature of

input fluid and output fluid, oT – temperature of rock massif,

zk – substitute overall heat transfer coefficient [W/(m2K)],

wk – overall heat transfer coefficient with inside surface

[W/(m2K)].
Introducing additional relations

11 TTo −=Θ , 22 TTo −=Θ , WKa w
&= , ( ) WKKb zw

&+= ,

where: Θ – difference of temperature [K], ba , – constants,
equations (1) and (2) can be expressed by:

121 dd Θ−Θ=Θ baX ,    (3)

122 dd Θ−Θ=Θ aaX .    (4)

This system of equations is solved using d’Alambert’s method
(Lykow and Michajlow, 1963). Multiplying (3) by p   and (4)
by q , to obtain after rearranging

( ) ( ) ( ) 2121 dd Θ++Θ+=Θ+Θ qpaqapbXqp .    (5)

If the condition is fulfilled

( ) ( ) 2ν=+=+− qqpapqapb ,    (6)

the relation (5) can be written as

( ) ( )21
2

21 dd Θ+Θ=Θ+Θ qpXqp ν .    (7)
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After introducing a new function

( )2,121 =Θ+Θ= iqpZ iii ,    (8)

the relation (7) will be formed in a linear equation

( )2,1dd 2 == iZXZ iii ν ,    (9)

for which the following functions are the solution

( ) ( )2,1exp 2 == iXCZ iii ν .  (10)

From (6) we derive that 2
iν  is an algebraic root of

( ) ( ) 024 =−−−+ abaab ii νν  (11)

and given by

( )( ) ( )2,14115.02 =+±−= iKKWK zwzi
&ν .  (12)

From (6) we get the other expressions:

( ) ( ) ( )2,12 =−= iaaqp iii ν ,  (13)

( ) ( ) ( )2,12 =+−= iabpq iii ν .  (14)

From relations (8) and (10), after the appropriate
transformation and introducing the new integration constants

*
1C  and *

2C  functions 1Θ  and 2Θ  will be formed into:

( ) ( )XCXC 2
2

*
2

2
1

*
11 expexp νν −=Θ ,  (15)

( ) ( ) ( ) ( )XpqCXpqC 2
111

*
1

2
222

*
22 expexp νν −=Θ ,  (16)

Based on the boundary conditions

( ) 11 0 Θ′==Θ X ,  (17)

( ) ( )11 21 =Θ==Θ XX ,  (18)

the integration constants *
1C  and *

2C  have been determined as

follows

( ) ( )
( ) ( ) ( ) ( )2

222
2
111

2
1111*

2

exp1exp1

exp1

νν

ν

pqpq

pq
C

+++−

+Θ′
= ,  (19)

*
21

*
1 CC +Θ′= .  (20)

Based on the following relationships,  (15), (16), (19) and (20)
the values of temperature difference ( ) 22 0 Θ′′==Θ X  and a

heat flow collected by the fluid from a resource can be
calculated from the relation:

( ) ( )2112 Θ′′−Θ′=′−′′= WTTWQ &&&           [W]. (21)

2.2. A shallow vertical heat exchanger with a counter-

flow

The principle of operation of a shallow geothermal heat
exchanger with counter current flow is presented in Figure 1b.
In this case, fluid flows in both directions through half-circular
cross-sections and draws heat from a deposit in both flow
directions. Heat is transferred between the entering heating
flows through a flat dam with surface area oDL .

Using a similar method as in the previous variant and based on
balance and heat transmission equations, the system of
equations can be written as follows:

1
*

2
*

1 dd Θ−Θ=Θ baX , (22)

1
*

2
*

2 dd Θ−Θ=Θ abX , (23)

where: oLxX = , pcmW && = , ozz DLkK π= 5,0* , oww DLkK =* ,

WKa w
&** = .

The general solution of the system of equations (22) and (23)
is the same as the solution of  (3) and (4) and it is determined
by the relations (15 through 20). The difference is in the
different method of calculating the following relations:

( ) ( ) ( )2,141 ***2* =+±= iKKWK zwzi
&ν .  (25)

( ) ( ) ( )2,1**2*** =−= iabqp iii ν ,  (26)

( ) ( ) ( )2,1**2*** =+−= iabpq iii ν .  (27)

Based on the relations above, universal graphs for both
variants were made (Fig. 3 and Fig. 4). Their form,

( )WKKKf zzw
&,12 =Θ′Θ′′  or ( )WKKKf zzw

&***
12 ,=Θ′Θ′′ ,

allows one to determine the net heat flow into the fluid

according to the formula, ( )121 1 Θ′Θ′′−Θ′= WQ && . zw KK  or
**
zw KK  has evident influence on 12 Θ′Θ′′  at higher values of

WK z
&  ( )WK z

&* . The most advantageous case, when

0=wK  ( )0* =wK , in the form of ( )zKWfQ ,&& =  for a chosen

difference of temperature, is presented in a graph (Figure 5) for
both variants.

3. A DEEP GEOTHERMAL VERTICAL HEAT
EXCHANGER FIELD TYPE

In this section, an approximate computational model of the
geothermal Field type heat exchanger is presented. The
exchanger is located in an impervious rock massif with
temperature increasing linearly with depth. The principle of
operation is shown in Figure 6. To determine the quantity of
heat transmitted between the rock massif and water flowing in
the annulus, a substitute overall heat transfer coefficient zk  is

used. The value of the coefficient can change in time. It can be
estimated based on formulas presented by Diad’kin and
Giendler, 1985. The centre pipe is insulated to minimise heat
transfer from the fluid in the annulus.
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Figure 7 presents the thermal field of fluid and rock massif for
the ground exchanger presented in Figure 6. In this variant it is
assumed that the temperature of the water entering the heat
exchanger is higher than the temperature of the deposit at the
depth 0=x . As a result, fluid in the first phase of its flow in
the heat exchanger transfers heat into the ground. After this
first phase, heat is transferred into the fluid.  Fluid reaches the
initial temperature that it had upon first entering the heat

exchanger after flowing a distance *
ox . If conditions allow it,

fluid reaches temperature T ′′ . On the basis of elementary
balance equations of a part of an exchanger of length xd , and
taking into account equations of heat exchange, the equation
describing the fluid temperature is as follows:

( ) 





 ++−= A

A

T
TcmATTkTcm pxzp d

d

d
d && , (28)

where: DXA π= , ( )LX ,0∈ .
After a series of transformations and introducing additional
signs

LXx = , pcmW && = , ( ) WDLkk zz
&π=*

equation (1) is as follows:

( )xz TTkxT −−= *dd . (29)

A linear variation of deposit temperature is written in the
following relation:

FxETx += * (30)

where: ELE =* .

The temperature difference between fluid and a deposit may be
written as follows:

xTT −=Θ . (31)

Replacing xT  in relation (31) with relation (30) and

differentiating relation (31) in relation to x  we obtain:

*dddd ExxT +Θ= . (32)

Substituting relation (29) into equation (32) we obtain the first-
order differential equation:

0dd ** =+Θ+Θ Ekx z . (33)

The  solution is determined by the following relation:
xk

z
zCkE
*

e** −+−=Θ (34)

Using the boundary condition Θ′=Θ  for 0=x , the constant
C  is determined by the following relation:

**
zkEC +Θ′= . (35)

Substituting C from (35) into (34)  we obtain:

( ) xk
zz

zkEkE
*

e**** −+Θ′+−=Θ (36)

The temperature of the water exiting the heat exchanger at the
surface is calculated from the above relation: for 1=x  the
difference of temperature is Θ ′′=Θ . Relation (36) is as
follows:

( ) *

e**** zk
zz kEkE −+Θ′+−=Θ ′′ (37)

or:

( ) *

e*****" zk
zz kEkEFET −+Θ′+−+= . (38)

The flow of heat transmitted from a deposit is determined by
the following relation:

( )TTWQ ′−′′= &&        [W]. (39)

Using relations (28 through 38) and after a series of
transformations it is possible to determine:
• length ox  at which the temperature of the fluid equals the

temperature of the ground

( ) ( )[ ] ( )*1** 11ln
zk

zo kEx +Θ′= , (40)

• length *
ox  at which the temperature of the fluid reaches the

same value as at 0=x

( ) 




 −+Θ′= − **

e11 *** oz xk
zo kEx . (41)

These derived relations were used to prepare the examples
shown in Figs. 8-11. The Figures may be used to estimate heat
exchanger performance given the conditions stated in the
figures.

4. DISCUSSION

Figure 8 shows how the net heat transfer rate is changing with

the change of parameter *E  (this parameter is responsible for
the value of temperature of a resource at the depth of 0=x ,

*
zk  and Θ′ ). When Θ′  increases, the net heat transfer rate

into the fluid decreases but heat transfer rate increases when

parameter *
zk  increases. When Θ′  equals 10K and 15K for

certain field of *E  and *
zk , the heat transfer rate has negative

values. That means the temperature of water leaving the ground
exchanger is lower than temperature of the water entering; heat
is pumped into the ground instead of being drawn out.

Figure 9 presents how the amount of extracted heat varies. It

also shows the change of fluid temperature as a function of *
zk

for chosen values of Θ′  (at 54* =E °C and 30000=W&

W/K). Note that at steady Θ′ , increasing *
zk  above 20 does

not result in further increases in heat output. Estimation of the
flow of extracted heat (temperature on output of an exchanger)

3479



Kujawa and Nowak

is possible after analysis: Figure 10 shows the variability of

length *
ox  at which temperature of fluid reaches the same value

as at 0=x  and Fig. 11 shows the length ox  at which

temperature of fluid equals temperature of ground. The smaller

the values of *
ox  and ox  , the longer the path ( )*1 ox−  of

extracting heat of water pumped from ground . When *
zk  is

steady, the increase of relation *EΘ′  disadvantageously
influences the performance of a ground-source heat exchanger.

5. CONCLUSIONS

A
A

A-A

a)

AA

b)

A-A

Fig.  1. Model of shallow vertical heat exchanger with: a)
Concentric flow, b)counter-current flow.

This work presents two mathematical models of calculations
for vertical heat exchangers. The models allow determination
of the fluid’s thermal field and the amount of extracted
geothermal energy. When shallow vertical heat exchangers are
used (up to 35 meters), one can use the models to calculate
and draw graphs of estimates, of the change of fluid

temperature and extracted heat energy for two types of heat
exchangers: 1)a heat exchanger with concentric flow and 2) a
heat exchanger with counter current flow. The formulated
mathematical model of deep vertical heat exchangers allows
determination of the fluid’s thermal field and amount of drawn
out geothermal energy. For each considered case calculations
must be done for selected output parameters so that it would
be possible to optimise the design of the heat exchanger. The
model presented may also be used when the top part of a heat
exchanger is insulated. The model is also useful to estimate
accuracy of an approximate method of calculations for shallow
heat exchangers as well.
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Fig.  2.  Thermal field of a fluid in the considered mathematical
model of a shallow vertical heat exchanger with concentric
flow.
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Fig. 7. Thermal field of a fluid in the considered mathematical
model of a deep geothermal vertical heat exchanger Field type
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