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ABSTRACT

A typical geothermal model requires significant
computational resources to simulate and can contain hundreds
of unknown parameters. The process of estimating these
parameters, often referred to as model calibration, is a
difficult task; traditional methods such as Markov chain
Monte Carlo generally require running a prohibitively large
number of simulations to obtain accurate results. Ensemble
methods form an alternative class of algorithms for
approximating the solution to the calibration problem and
have the potential to provide accurate results using
considerably fewer simulations. Ensemble methods have
been used successfully to calibrate large, complex models in
areas including petroleum engineering, oceanography, and
weather forecasting. There are, however, few examples of
applications of these methods to geothermal reservoir
modelling. In addition, the wide variety of ensemble methods
that have been developed mean there is a need for numerical
studies that examine their respective benefits and drawbacks
when applied to specific problems. To support the effective
use of ensemble methods for geothermal reservoir model
calibration, we review two widely used ensemble methods
and apply them to the problem of calibrating a synthetic
reservoir model. We demonstrate that both methods are
capable of generating accurate reconstructions of the model
parameters, with appropriate characterisation of uncertainty.

1. INTRODUCTION

Reservoir modelling is an important tool in the sustainable
management of geothermal resources. The effectiveness of a
reservoir model, however, depends on the degree to which it
reflects reality. A key component of developing an effective
model is the calibration process, which involves identifying
model parameters that provide an acceptable match to field
data. In the context of reservoir modelling, the parameters of
interest typically include the subsurface permeability
structure and the strength and magnitude of the hot mass
upflow at the base of the model. By contrast, the data is
typically limited to downhole temperature and pressure
measurements.

Here, we consider the model calibration problem from a
Bayesian perspective (Aster et al., 2018; Kaipio and
Somersalo, 2006). Within the Bayesian framework, the task
of model calibration is posed as a statistical inference
problem. The aim is to form the posterior probability
distribution, which characterises the uncertainty in the
parameters that remains after conditioning on the data. Once
characterised, the posterior parameter uncertainty can be
propagated through to the model predictions (for example,
future steam flow rates or reservoir temperatures), allowing
the modeller to describe, in a probabilistic sense, the future
behaviour of the geothermal system.

The complexity of the typical reservoir model means that the
posterior is not available in closed form; instead, it is
characterized using samples, using methods such as Markov
chain Monte Carlo and sequential Monte Carlo. These
methods are exact, in the sense that the resulting samples are
distributed according to the true posterior. However, they
generally require at least 0(10%) iterations to provide an
accurate characterisation of the posterior (Cui et al., 2011,
Maclaren et al., 2020). This can be prohibitive in the
geothermal setting, where a single simulation can take hours
or even days.

The challenges associated with the use of exact sampling
methods for problems with complex models and large state or
parameter spaces have motivated the development of methods
that provide an approximate characterisation of the posterior
using significantly fewer model runs. A feature common to
many of these methods is that, under a Gaussian prior
distribution and a linear model, the samples they generate are
distributed according to the posterior; under a nonlinear
model, however, this does not hold in general. Among the
most widely used methods for approximately characterising
the posterior are linearisation of the model about the point in
parameter space with the greatest posterior density (the
maximum-a-posteriori estimate; see, e.g., Omagbon et al.,
2021), and randomised maximum likelihood (Kitandis, 1995;
Oliver, 1996), in which one repeatedly solves a stochastic
optimisation problem to obtain samples distributed in regions
of high posterior density.

An alternative class of algorithms for approximate Bayesian
inference are ensemble methods, in which a small ensemble
(group of parameter sets) is combined with data, in an
iterative manner, such that the distribution of the ensemble
approximates the posterior. The first ensemble-based
algorithm was the ensemble Kalman filter (Evensen, 2009),
which was developed for the purpose of state estimation of
dynamical systems and has been used extensively in areas
including weather forecasting and oceanography. A great deal
of subsequent research, however, has focused on the
development of ensemble methods for approximating the
solutions to inverse problems. Such methods are often
referred to as iterative ensemble smoothers (IES), or as forms
of ensemble Kalman inversion (EKI). An advantage of
ensemble methods over methods such as randomised
maximum likelihood is that they do not require the
computation of derivatives, which can be expensive; instead,
these are approximated using the ensemble.

Though ensemble methods have begun to see some use within
the geothermal community (see, e.g., Békési et al., 2020;
Bjarkason et al., 2021), there remains a need for numerical
studies that investigate how these methods can be applied
effectively in a geothermal context. In this work, we outline
two ensemble methods that are widely used within the
geosciences and apply them to a synthetic reservoir model.
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2. CALIBRATION IN A BAYESIAN FRAMEWORK

We consider problems in which the unknown parameters, 8 €
RM¢, and the observations, y € R"», are related through

y=G(0) +e

where G : RN¥e — RN» denotes the forward model and € €
R is a vector of additive measurement errors. The process
of applying the forward model to find y using a particular
instance of 6 is referred to as solving the forward problem.
The inverse, or calibration problem, by contrast, is the process
of estimating 6 given a set of observations y.

The Bayesian approach to solving the calibration problem
requires us to first form a prior distribution; that is, a
mathematical representation of expert knowledge on the
likely values of the parameters prior to data being observed.
Data, once collected, is then combined with the prior to form
the posterior distribution using Bayes’ theorem, which we
express here as

n(6ly) « n(y|6)m(6).

In the above, m(6) denotes the prior, m(y|6) denotes the
likelihood, which expresses the probability of the data given
a particular instance of the parameters, and (6|y) denotes
the posterior, or the conditional density of the parameters
given the observations.

If we assume that the prior is Gaussian, with mean pg and
covariance Ty, and that the distribution of the errors is
Gaussian, with mean 0 and covariance T, it can be shown
(see, e.g., Aster et al., 2018) that the posterior takes the form:

m(0ly) o exp(—3lILe(G(O) = M = 3lILo (8 — pp)I1?),

where LTL,=T7%, LhLg =Ty, and ||-]| denotes the
Euclidean norm. When the forward model is linear, the
posterior is also Gaussian; in the nonlinear case, however, this
is no longer true.

3. ENSEMBLE METHODS

We describe variations of two ensemble methods that have
been applied successfully to complex problems within the
geosciences (see, e.g., Emerick, 2016; Chen and Oliver,
2017); the ensemble smoother with multiple data assimilation
(ES-MDA) and ensemble randomised maximum likelihood
(EnRML).

3.1 Ensemble Smoother with Multiple Data Assimilation

The ensemble smoother with multiple data assimilation
(Emerick and Reynolds, 2013a) generates an approximation
to the posterior by iteratively transforming an initial ensemble
(set of samples) drawn from the prior, such that the ensemble
members approximate a sequence of distributions that
transition smoothly from the prior to the posterior. Each
transformation is applied under the assumption of a Gaussian
prior and a linear model. In this sense, ES-MDA can be
considered an approximate form of tempering, a variant of
sequential Monte Carlo (Stordal and Elsheikh, 2015; Iglesias
and Yang, 2021).

To begin the ES-MDA algorithm, we sample an initial

ensemble, Gél),k € {1,2,...,N,}, from the prior, and run the

forward model to compute g,ﬁ” = 9(0,51)) for each ensemble
member. At each iteration i € {1,2, ..., N;}, we first compute

the matrices of scaled differences A9 € RNo*Ne and
AGWD € RNy*Ne, defined as

200 = _L_[p® —g®, 6 —50),

JNe—1
®=_1 O _cw D) _ 0
26® = [ - 69,6y - 6©),

where 80 and G® denote the means of the ensemble

parameters and modelled observations respectively. Next, we
compute the ensemble estimates of the covariance of the

modelled observations, FJE?ERNA'XNJ', and the cross-
covariance between the parameters and modelled
observations, Fé‘y) € RVe*Ny, which are defined as

Yy =a60agOT, ) = 860AGOT.
We then update ensemble member, 9,8), where k €
{1,2, ..., N,}, using

. ) . . . -1 , )
60+ = 00 + 10 (10 + 20r) " (v + €0 — 62,

where e ~ 7(0,a®T,) and a® > 1 is a factor by which
the covariance of the measurement errors is inflated.

In addition to selecting an appropriate ensemble size, a key
consideration when implementing ES-MDA is the choice of
a suitable set of inflation factors. In the linear-Gaussian case,
the samples generated using ES-MDA are distributed
according to the posterior if the inflation factors satisfy the
following condition, which can be derived by considering a
factorisation of the likelihood (Stordal and Elsheikh, 2015):
Ng 1
D 1.

This condition is still, in general, adhered to even when the
model contains nonlinearities. The simplest method of
inflation factor selection is to choose a desired number of
iterations, N;, and set a® = N; for all i € {1,2,..,N;}. It
has, however, been demonstrated that a decreasing sequence
of factors typically performs better in practice; this
corresponds to making smaller transformations to each
ensemble member at early stages of the algorithm. A variety
of methods have been proposed, using techniques for the
regularisation of classical inverse problems (Le et al., 2015;
Rafiee and Reynolds, 2017), and the selection of successive
target distributions in sequential Monte Carlo methods
(Iglesias et al., 2018; Iglesias and Yang, 2021). In the present
work, we use the method of Iglesias and Yang (2021); at
iteration i, we calculate the misfit between the current set of
ensemble members and the data; for ensemble member k, this
is defined as

L (69 =)

Defining uéi) and asz D to pe the empirical mean and
variance of {S,((i)}, the inflation factor, a®, is given by

1 N N, \"?
: y y i-1
— = min<{ max{—=,| ———= ,1— 2 -
a® 2u® (20§ (1)) =1 5 ()

S,(ci) = %|

The algorithm is considered converged once the
aforementioned condition on the inflation factors is met.
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3.2 Ensemble Randomised Maximum Likelihood

An alternative group of ensemble methods (Chen and Oliver,
2013; White, 2018) share characteristics of the optimisation-
based framework of RML. Unlike RML, however, these
methods perform the optimisation on all ensemble members
simultaneously and, at each step of the optimisation, use an
“average” gradient, estimated using the ensemble itself, when
updating each ensemble member. Here, we describe the
method of Chen and Oliver (2013), which is an ensemble
approximation of the Levenberg-Marquardt algorithm (see,
e.g., Nocedal and Wright, 2006).

As in ES-MDA, we begin the EnRML algorithm by sampling
an initial ensemble, Qél),k € {1,2,...,N,}, from the prior. At
each iteration i € {1,2, ..., N;}, each ensemble member is
updated using

60+ = o — ((1+20)r; +](i)TI‘E‘1](i))_1 x
(Fa—l (glgi) _ 9151)) +JOTp-1 (glgi) _y— Ek))»

where €, ~ N (0,T.) . In the above, A®) denotes the
Levenberg-Marquardt damping parameter, and J® €
RMy*Ne denotes the ensemble estimate of the model Jacobian,
defined as

JO = pg® (Ag(i))T’

where (46©)" denotes the pseudoinverse of A6®. We note
that the ensemble estimate of the Jacobian can be unstable,
particularly when a small ensemble size is used; for this
reason, we follow Chen and Oliver (2013) and make a set of
slight modifications to the update equation which avoid the
explicit computation of the Jacobian.

After each iteration, we check the mean misfit, ug‘), between
the updated ensemble and the observations. If this quantity
has decreased from the previous iteration, we accept the
iteration and reduce the value of the damping parameter, 4;
otherwise, we repeat the iteration with an increased value of
A. We follow the recommendations outlined in Chen and
Oliver (2013) when selecting the initial value of A, the factors
used to modify A after each iteration, and suitable bounds for
A. We consider the algorithm converged if the reduction in

ué’) between two iterations is less than 1%, the largest change
in any parameter of any ensemble member between two
iterations is less than 0.25 (prior) standard deviations, or if
five consecutive iterations are rejected.

3.3 Additional Considerations

Though the standard forms of ES-MDA and EnRML have
been applied successfully to inverse problems within the
geosciences, they can encounter issues due to sampling errors
that arise because of the use of a small ensemble. Spurious
correlations that are present between ensemble parameters
and modelled observations can result in updates to ensemble
parameters being influenced by observations with which they
have no relationship. In addition, the variants of both
ensemble methods we implement here possess the subspace
property; that is, at each iteration, the updated ensemble lies
within the span of the initial ensemble (see, e.g., Iglesias et
al., 2013a). If a small ensemble is used and the dimensionality
of the parameter space is large (that is, N, << Ng), as is typical
in many geoscience applications, there may exist regions of
parameter space with high posterior density that cannot be

reached by the ensemble, limiting its ability to approximate
the posterior.

To address these issues, it is common to apply a form of
localisation when using an ensemble method. Localisation
involves the modification of the ensemble covariance

matrices 1“9(;) and 1“35;,) or the Kalman gain, K € RNe*Ny: in

the case of ES-MDA, for example, K is defined as
H — @ (pO® AN
KO =10 (1) +a®r,) .

This modification is carried out by taking the Schur
(elementwise) product of the matrix (or matrices) to which
localisation is being applied, and a localisation matrix (or
matrices) p, of the same dimensions, the entries of which
typically range between 0 and 1. In the case of ES-MDA,
when localisation is applied to the Kalman gain, the update
equation becomes

9£i+1) — [P 0 K® ] (y + EIEL') _ ;Ei))‘

where © denotes the Schur product. In addition to reducing
spurious correlations, the localisation matrix acts to increase
the rank of the Kalman gain, which, without localisation, is
limited by the size of the ensemble. This breaks the subspace
property, allowing updated ensemble members to occupy
regions outside the span of the initial ensemble.

Most localisation methods are distance-based (see, e.g., Chen
and Oliver, 2017); that is, the entries of the localisation matrix
p are chosen such that they decrease as the physical distance
between the parameters and/or observations they relate
increases, under the assumption that the correlations between
these quantities reduce with distance. An alternative class of
localisation methods, however, aim to reduce spurious
correlations without using the physical distances between
quantities (Luo and Bhakta, 2020; Zhang and Oliver, 2010).
In the present work we use a variant of the algorithm
developed by Luo and Bhakta (2020), which uses a
resampling procedure to estimate the correlations between the
physical quantities each element of the Kalman gain relates
and reduces elements of the gain corresponding to quantities
estimated to have low levels of correlation. A similar
approach is used in the implementation of EnRML in the
PEST++ software suite (White et al., 2020), which is widely
used for the calibration of environmental models. More
experimentation, however, is required to identify which
localisation methods work best in geothermal settings.

4. SYNTHETIC RESERVOIR MODEL

To test each ensemble method, we use a two-dimensional
slice model, discretised on a 25 x 25 mesh, with dimensions
of 1500 m x 1500 m. The model contains five production
wells, the locations of which are indicated in Figure 1. Each
extends to a depth of —1300m and contains a single
feedzone at a depth of —500 m. We consider a combined
natural state and production history setup; that is, we run the
model until stable steady-state conditions are reached, then
use the resulting state of the system as the initial condition for
the subsequent production simulation. We model each well as
extracting fluid at a rate of 2 kg s~ for the entire production
period, which lasts for two years.

We consider the problem of estimating the (isotropic)
permeability within each block of the model mesh, as well as
the mass rate of the upflow at the base of the model. This
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gives a total of 626 unknown parameters. All other
parameters are assumed to be known. The rock in the
reservoir is assumed to have a porosity of 10%, a density of
2500 kg m~3, a thermal conductivity of 2.5 W m~! K™%, and
a specific heat of 1000 ] kg=* K~*. The top boundary of the
model is set to a constant pressure of 1 bar and a temperature
of 20 °C, representing an atmospheric boundary condition.
We impose a constant heat flux of 200 mW m~2 through the
bottom boundary, except for the cell at the centre of the
boundary, which is given a mass flux (of unknown rate) of
fluid with an enthalpy of 1500 k] kg~1. The side boundaries
are closed.

4.1 Prior Parametrization

The update equations of standard ensemble methods are not
able to work directly with parameters that are restricted to a
number of discrete values, or constrained to be within
physically realistic bounds. However, these types of
parametrizations are often useful in reservoir modelling; for
instance, we may wish to model the reservoir as being
composed of a small number of rock formations with
common physical characteristics, or to restrict the mass
upflow across the bottom boundary of the domain to non-
negative values.

To incorporate these types of parametrizations into the
inversion, we sample the set of parameters, 6, corresponding
to each ensemble member from a Gaussian distribution, and
use suitable transformations of these to form sets of
geological parameters, which we denote using u, that are
distributed according to our prior beliefs. Subsequent updates
to the untransformed parameters maintain any bounds or
discontinuities we impose in the prior. In this framework, the
forward model can be written as

g:fFof]-[,

where H is the mapping between the untransformed
parameters and the geological parameters they represent, and
F is the reservoir simulator. The task of the ensemble method,
then, is to estimate the posterior density of the untransformed
parameters 8; we can then apply the mapping 6 ~ H(0) to
estimate the posterior density of the corresponding geological
parameters u.

4.1.1 Permeability Parametrization

We partition the model into three subdomains with variable
boundaries: a shallow high-permeability region (), a low-
permeability clay cap (Q,), and a deep high-permeability
region (Q3). The permeability at an arbitrary location,
k(x, z), is given by

1051 (x.2) , z > wq(x),
K(x,z) = {10%&2 w1(x) >z = wy(x),
1052 , w,(x) > z,

where &,(+), &;(+) and &;(+) are functions that describe the
log-permeability in regions Q,, Q, and Q5, and w,(-) and
w-, () are functions that describe the boundaries between Q,
and Q,, and Q, and Q3, (the top and bottom surfaces of the
clay cap) respectively. Figure 1 shows a possible partitioning
of the model domain.

We set w,(x) = —60 m, which reflects a prior assumption
that the location of the top of the clay cap is known. However,
we treat the elevation of the bottom of the clay cap as

unknown, giving w,(x;) a Gaussian process prior with a
mean, u, of —350 m, and a covariance function of

(x — x)?
C(x,x") = c%exp <—— ,
202

where we use a standard deviation, o, of 80 m, and a
characteristic lengthscale, £, of 500 m.

Well 1 Well 2 Well 3 Well 4 Well 5

‘\
\
9]}
-500 , d L p b L Q,
— Q3
£ —=—- wi(z)
" — wy(z)
-1000 —— Well tracks
®  Feedzones
-1500
0 500 1000 1500

z [m]

Figure 1. Model mesh with well positions, and a possible
partitioning of the domain into subdomains Q4, Q,,
and Q, with boundaries w{ (x) and w, (x).

We use the level set method to model the log-permeability
field, &;, in each subdomain Q;. The level set method is
commonly used in subsurface modelling to generate distinct
zones with common geophysical characteristics (Muir and
Tsai, 2020; Nicholson et al., 2020; Tso et al., 2021), the
boundaries of which are defined using the contours of a
continuous underlying function, which we refer to as the level
set function. In each subdomain, we take the underlying level
set function to be a Gaussian random field with the
anisotropic covariance function given by

1 —xN? —_ N2
Clx,z,x',2") = 0% exp (_5<(x eZX) + & gzz) ))
x z

We set the mean of the functions associated with the high-
permeability fields, &; and &3, to —14 log(m?), and the mean
of the function associated with the clay cap field, &, ,
to—16 log(m?). We set the standard deviation, o, of the
functions associated with fields &; and &, to 0.25log(m?),
and the standard deviation of the function associated with
field &; to 0.5 log(m?), reflecting increased uncertainty in
the permeability with depth. In all regions, we set the
characteristic lengthscale in the x direction, #,, to 1500 m,
and the characteristic lengthscale in the z direction, £,, to
200 m. We generate distinct zones of constant permeability
by mapping the value of the corresponding level set function
at each point on the model mesh to the nearest of a set of pre-
defined values v;,i € {1,2, ..., N, }; that is, at each point we
define the permeability, k(x, z), as

K(x,z) = Zl{\lz"lx,,illui (x,2),

where i, is the permeability corresponding to value v;, and
IL,,(x, z) is equal to 1 if value v; is the value closest to the
value of the level set function at location (x, z), and equal to
0 otherwise. For simplicity, we choose the set of values such
that the log-permeabilities in adjacent zones in each
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subdomain differ by 0.25 log (m?). Figure 2 shows sets of
transformed permeabilities sampled from the prior.

I Ll 1.0

m - 135

. - -15.0
— - —15.5
If*ltiv]
EEEEEE .
Figure 2. Prior samples of the underlying level set function

(top row) and the corresponding permeabilities
(bottom row).

- -14.0

log(Permeability) [log(m?)]

4.1.2 Mass Upflow Parametrization

For the prior on the magnitude of the mass upflow at the base
of the model, we use a uniform distribution on the interval
[b1, b,], where b, is equal to 0.1kgs™* and b, is equal to
0.2 kg s~1. We use samples from the unit normal distribution
to represent the corresponding untransformed parameter in
the prior ensemble. To transform this parameter such that it
has the appropriate distribution, we apply the mapping

6 © by + (b, — b)) @(6),

where ®(-) denotes the cumulative density function of the
unit normal distribution.

4.2 Truth and Observations

We generate the true system we are interested in recovering
the parameters of by drawing a random sample from the prior.
Figure 3 shows the permeabilities and natural state convective
plume of the true system.

- —13.0
HEES il - 300
m ‘ -
25

=200

ral

=150

Temperature

s - 100
I

ol

[

li I' o0

Figure 3. True reservoir permeabilities (left) and natural
state convective plume (right).

We record the temperatures at six equispaced points in each

well prior to production occurring, as well as the pressure and
Prior ES-MDA

ES-MDA (Loc.)

enthalpy of the fluid extracted at each of the five wells at
three-month intervals for the first year of production. This
gives a total of 80 measurements. We add independent
Gaussian noise to each measurement with a standard
deviation of 2% of the maximum of the modelled values for
the corresponding data type.

4.3 Simulation

We use the open-source simulator Waiwera (Croucher et al.,
2020) to run the model. In the event a simulation fails to
complete, we discard the corresponding ensemble member
and continue the inversion with a reduced ensemble.

5. RESULTS

We run our implementations of ES-MDA and EnRML, with
and without localisation, using N, =100 ensemble
members. We use the same initial ensemble for all methods.
Our implementation of ES-MDA converges after 11
iterations when localisation is not applied, and after
12 iterations when localisation is applied. Our
implementation of EnRML converges after 25 iterations
(including rejected iterations) when localisation is not
applied, and after 22 iterations when localisation is applied.
At the final iteration of both variants of EnRML, the reduction
in the mean misfit is less than 1% and the maximum change
in any parameter of any ensemble member is less than 0.25
standard deviations. We note, however, that there is no formal
justification for the EnRML stopping criteria we use here; it
is possible that similarly accurate results can be obtained with
less computation by relaxing these criteria. The simulation
failure rate is similar for all methods; in all cases, the final
ensemble consists of between 87 and 88 members.

Figure 4 shows the means and standard deviations of the log-
permeabilities of the final ensemble generated using each
method (the means and standard deviations of the prior
ensemble are also presented for comparison). There is a high
degree of consistency between the means obtained using each
method. In all cases, the shape of w,(x) (the bottom surface
of the clay cap) is well recovered; the reconstruction appears
to be particularly good when localisation is not applied. All
methods appear to identify, to varying degrees, the region of
high permeability beneath the clay cap. There are, however,
significant differences between the mean permeabilities in the
bottom half of the model domain and the true permeabilities;
for instance, the low-permeability region in the bottom left-
hand corner of the domain is not present in any of the
reconstructions. It is, however, difficult to identify whether
this is due to shortcomings in the ensemble methods, or
because the observations are not very informative of the
deeper permeabilities. Most of the observations are made at

EnRML EnRML (Loc.)

log(Permeability) [log(m?)]

Figure 4. Means (top row) and standard deviations (bottom row) of the permeabilities of the prior
ensemble and the final ensembles obtained using each ensemble method.
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Prior ES-MDA ES-MDA (Loc.) EnRML EnRML (Loc.)
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Figure 5. Heatmaps which indicate, for each method, whether the true permeability in each cell of the
model mesh is contained in the central 95% of permeabilities of the final ensemble.

the well feedzones, which are located in the top half of the
model domain (at a depth of —500 m; see Figure 1); it seems
plausible that there is insufficient information to allow for a
precise estimate of the permeability structure at depth.

Figure 4 also shows that the standard deviations of the
permeabilities of the final ensemble generated using each
method are significantly reduced compared to those of the
prior ensemble. In all cases, the area with the greatest degree
of uncertainty is the region around the bottom surface of the
clay cap. This is to be expected; the permeabilities on either
side of this surface tend to take on significantly different
values, so unless we have complete certainty in the location
of this boundary, we would expect to have high levels of
uncertainty in the permeabilities around it. In all cases, the
uncertainty in the permeabilities in the region below the clay
cap, where the well feedzones are located, is lower than the
uncertainty in the permeabilities of the deeper sections of the
model domain. This makes intuitive sense; given that most of
the data is collected at the feedzones, it is logical that the
permeability distribution is better constrained in this region.
For both ES-MDA and EnRML, we observe that the
uncertainty in the permeabilities is larger, over the entire
model domain, for the variants where localisation is applied.

Figure 5 shows heatmaps that indicate, for each method,
whether the true permeability in each cell of the model mesh
is contained within the central 95% of the permeabilities of
the final ensemble. For both ES-MDA and EnRML, we
observe that when localisation is not applied, a significant
proportion of the model permeabilities (~15-20%) are not
contained within the central 95% of the ensemble. When
localisation is applied, however, this drops significantly, to
between 3% and 5%. This suggests that, if our intention
when using an ensemble method is to recover the truth within
a confidence interval, the use of localisation is important.
Without knowledge of the true posterior, however, it is
difficult to draw conclusions as to whether localisation
improves the approximation of the posterior.

Figure 6 shows the magnitudes of the mass upflows of the
final ensemble associated with each method. In all cases, the
truth is well contained within the ensemble, and the
uncertainty is significantly reduced in comparison to the prior
ensemble. Figure 7 shows estimates of the pressure at the
feedzone of well 1 and the enthalpy of the fluid extracted at
ES-MDA

Prior

Density

0.1 0.15 0.2 0.1 02 0.1

Ensemble

the feedzone of well 3. Again, in all cases the truth is well
contained within the ensemble and the uncertainty is
significantly reduced in comparison to the prior, though in
some cases it remains slightly greater than we might expect
given the size of the measurement errors. All methods appear
to provide reasonable estimates of how the pressures and
enthalpies change over the year following the end of the
observation period.

Figure 8 shows the permeabilities of the first two ensemble
members from the final ensemble associated with each
method. As expected, these show significantly less variability
than the draws from the prior and share greater similarity with
the true permeabilities.

6. CONCLUSION

In this work, we have illustrated the ability of ensemble
methods to generate accurate approximations, with a
reasonable characterisation of uncertainty, to the problem of
reservoir model calibration. We have also demonstrated the
flexibility of ensemble methods with regard to model
parametrisation, and the differences in the results obtained by
ensemble methods with and without the use of localisation. In
the experiments performed here, our implementations of each
ensemble method performed well using 0(103) simulations
of the forward model, which is considerably fewer than the
number of simulations typically required for exact sampling
methods (Cui et al., 2011; Maclaren et al., 2020).

A natural extension to this work would be to conduct similar
numerical tests to those we have described here using a three-
dimensional reservoir model, and to consider the estimation
of additional parameters that are likely to be of interest in a
realistic modelling scenario. As well as additional geological
parameters, such as porosities, it is possible to use ensemble
methods to estimate characteristics of the prior, such as
lengthscales and variances (Chada et al., 2018; Tso et al.,
2021). In the present work we have treated these parameters
as known, but in practice they can be associated with
significant uncertainty which, if neglected, can cause the
posterior to be characterised poorly. In addition, it has been
demonstrated that the simulated natural state of a reservoir
model may not be unique (Bjarkason et al., 2019); indeed,
during the development of the model used for this work, we
were able to generate several different natural state solutions

ES-MDA (Loc.) EnRML EnRML (Loc.)

0.15 0.2 0.1 0.15 02 0.1 0.2

Upflow Rate [ke/s]

Truth

Figure 6. Distributions of the mass upflow rates obtained using each method.
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Figure 8. The first two members of the prior ensemble and the final ensembles of each method.

for the same set of parameters, by modifying the initial
condition used to begin the natural state simulation. For the
remainder of the work, we used the same initial condition for
each simulation to minimise the effect of the non-uniqueness
issue on the results; ideally, however, the initial condition
should be estimated as part of the inversion process.

Another important consideration is the method by which each
ensemble method is evaluated. Throughout this work, we
have assessed each method by investigating whether the true
parameters are contained within the distribution of the final
ensemble. This, however, tells us little in terms of whether
each method provides an accurate approximation to the
posterior. To gain further insight into this, we would need to
fully characterise the posterior using an exact sampling
method, such as Markov chain Monte Carlo; this would
provide a benchmark to which we could compare the
estimates of each ensemble method. Similar studies have been
conducted in the context of petroleum engineering (Emerick
and Reynolds, 2013b; Iglesias et al., 2013b).

In our numerical testing, we carried out each inversion using
the same model that was used to generate the synthetic data.
However, in a real modelling context, there will always be
differences between the model and the true physical processes
by which the data is generated (for example, due to
discretisation or neglected physics). Ideally, in future studies,
model error should be introduced into the inversion (for
instance, by generating the data using the finer mesh than the
mesh used for the inversion).

Overall, we believe that ensemble methods have the potential
to be useful tools for efficient reservoir model calibration, and
should be investigated further.
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