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ABSTRACT 
Due to mineral deposition in geothermal reservoirs, the 
electrical production of geothermal power plants decreases 
over time. Specifically, silica can form extremely hard and 
dense scales not only in power-plant equipment and pipelines 
but also within and around wells, restricting flow and 
reducing power-plant efficiency. Understanding the effect of 
silica scaling on flow rates can inform the required 
maintenance during different stages of the geothermal plant 
lifetime. Accordingly, a detailed analysis of silica scale 
growth offers powerful insight to predict the productive 
lifetime of the reservoir and mechanical infrastructures. 
Fluid within many geothermal reservoirs is largely 
transported along a network of fractures. However, available 
simulation methods to study mineral deposition within large-
scale fracture networks are computationally expensive. We 
have developed a new modeling framework based on 
representing individual fractures using the Hele-Shaw cell 
analogy and simulating fracture networks by connecting 
these Hele-Shaw cells together using pressure constraints at 
intersecting nodes of the computational mesh. This 
methodology allows the rapid computation of flows in 
realistically large fracture networks. This paper will discuss 
how this modeling framework can be used to study the 
transport of diluted specious in rock fractures, which 
provides a backbone for the simulation of silica scale 
deposition in a discrete fracture network. 

1. INTRODUCTION  
Extreme temperature changes are a common cause of rock 
fracture formations (Feng et al. 2017). Most formed fractures 
are intersected with one another, providing functional spaces 
to carry subsurface water. A significant number of 
geoengineering problems can be addressed by modeling 
fluid flow and solute transport in these rock fractures, such 
as the prediction of geothermal reservoir lifetime. For 
studying the behavior of fluid flow in rock fractures 
specifically at the intersections, a wide range of methods 
have been developed (Yu, Liu, and Jiang 2017). Models 
based on the Navier-Stokes Equations (NSE) and the Cubic 
Law (CL) have attracted considerable interest, the NSE due 
to their accuracy and the CL due to its simplicity. However, 
it is computationally demanding to solve the NSE coupled 
with the advective-diffusion equation. Also, the CL cannot 
provide satisfactory results. The CL is an additional 
simplification of the Hele-Shaw equation that applies when 
the flow is invariant in the flow direction and states that the 
flow rate through parallel plates has a cubic relation with the 
plates' aperture. Accordingly, to achieve relatively accurate 
predictions of hydraulic resistance and solute concentration 
through a fracture network, very simplified methods are 
inadequate and very complex methods are computationally 
expensive. Consequently, a less demanding and better-
conditioned modeling framework should be adopted. 

Due to the computational costs of including topological 
features on rock fractures, many researchers have relied on 
simplified models, which consider smooth parallel surfaces 
(Wu et al., 2018). Therefore, a precise solution for this 
problem can be provided by considering the effect of surface 
roughness on the fluid flow and solute transport in multiple 
intersected fractures. Since natural rock fractures are 
composed of rough walls, the formation of complex 
topological patterns at the intersections is inevitable. In some 
cases, surface roughness at an intersection leads to a decrease 
in aperture size. There might be other possible consequences, 
such as flow stirring. Adequate proof of higher stirring rate 
in the laminar flow regime as a consequence of surface 
corrugation is presented in recently developed research 
(Gepner and Floryan 2020). Roughness characteristics and 
dimensions can be obtained by scanning real rock fractures. 
However, because of the inaccessibility of natural rock 
fractures, it is impractical to scan a large-scale fractured 
system with digitized surface scanners.  

Various approaches have been applied to generate random 
topologies (Huang, Cao, and A 2017). Some preliminary 
work was carried out on the generation of random Gaussian 
surfaces in the late 1970s (Patir 1978). In that work, an 
algorithm to represent real surfaces was presented. This 
algorithm is based on two predefined parameters for the 
surface roughness: the autocorrelation and frequency density 
functions of the surface.  De Castro et al. (2017) examined 
Gaussian surface roughness using Fourier analysis.  Fabbro 
et al. (2006) proposed a new method for defining the surface 
roughness based on the certain frequency of the surface 
oscillation. In their approach, characteristics of surface 
roughness were determined with respect to its spatial 
frequency quantity. This method is based on solving the 
wave equation by using the mixed Fourier transform.  

Hele-Shaw (HS) cells are defined as confined spaces 
between two parallel plates in close proximity (Saffman 
1986), which represents the rock fracture. HS cells are 
recognized as one of the most efficient approaches for 
simulating fluid flow between parallel plates (de Santiago et 
al. 2020). Studies of solute transport considering the effect 
of surface roughness using HS cells are scares and the 
majority of studies used HS equation for modeling viscous 
fingering patterns (Morrow, Moroney, and McCue 2019), 
heat transfer (Letelier, Mujica, and Ortega 2019) and 
multiphase flow in rock fractures (Hu et al. 2019). Transport 
with low-density contrast was modeled by Oltean et al.  
(2004). Despite the lack of surface roughness effect, the 
dilute solution behavior into HS cell was modeled in a good 
agreement with the experiment. The HS cells became 
validated by Oltean et al. (2008) to model variable-density 
flow. However, there is still a need for better quantification 
of scaling, which becomes available by coupling 
hydrodynamics into salute transport.  

Initial simulation of silica scaling was carried out in the mid-
80s (Lai, Bovarsson, and Witherspoon 1985). This work has 
found that the deposition is dependent on the chemical and 
thermal process. The recent development regarding 
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modeling the silica deposition in rock fractures has led to a 
better understanding of surface roughness effects on the 
deposition. For instance, Van den Heuvel et al. (2020) 
studied the effect of surface roughness on the silica 
deposition using different materials. They concluded that 
rougher surfaces have higher rates of silica deposition. Hai 
Huang et al. (2020) reported a new visual method for 
studying the transport in rough fractures. They found that 
surface roughness causes a high degree of uncertainty 
associated with transport in rough vertical fractures. Several 
authors have used the advection-diffusion equation coupled 
with NSE to model transport in the rock fracture (Deng et al. 
2015; Li et al. 2019; Wang and Cardenas 2015). Although 
these approaches are interesting, they fail to obtain results 
computationally efficiently.  

This paper outlines a computationally efficient approach for 
modeling fluid flow and solute transport in natural rock 
fractures that is the basis for modeling the silica deposition. 
Notably, our findings will be beneficial for having a better 
understanding of the surface roughness effect on solute 
transport and fluid flow behavior. This paper presents a new 
model to describe the behavior of diluted fluid flow through 
single rough-walled and smooth-walled fractures. The 
numerical models were implemented within the COMSOL 
Multiphysics software package. We investigate the accuracy 
of a simplified modeling approach, which is based on the 
Hele-Shaw approximation, by comparing it with the NSE. 
As mentioned before, this paper aims to provide a better 
quantification of scaling by coupling hydrodynamic into 
solute transport.  

2. METHODOLOGY 
2.1 Governing equations  
2.1.1 The Navier-Stokes Equations  
The Navier-Stokes equations (NSE) and mass conservation 
for single-phase, laminar, incompressible flow can be 
described by the following equations: 

𝜕𝜕𝒖𝒖
𝜕𝜕𝜕𝜕

+ (𝒖𝒖 · ∇)𝒖𝒖 = − 1
𝜌𝜌
∇𝑃𝑃 + 𝜇𝜇

𝜌𝜌
∇2𝒖𝒖                         Eq. 1 

∇.𝒖𝒖 = 0                                                                           Eq. 2 

In these equations, t denotes time, 𝜌𝜌 is the fluid density 
(kg/m3), 𝒖𝒖 = [𝑢𝑢, 𝑣𝑣,𝑤𝑤] is the velocity vector (m/s), 𝑃𝑃 is the 
pressure ( 𝑃𝑃𝑃𝑃), and 𝜇𝜇 is the viscosity (Pa·s). In the following, 
we assume water which is at 20°C, and has 𝜌𝜌 = 103 kg/m3 
and 𝜇𝜇 = 10−3 Pa·s. The values of utilized parameters in this 
study are given in Table1.  

2.1.2 The advection-diffusion equation 
The governing equation of solute transport is the general 
advection-diffusion equation (Bundschuh and Suárez 
Arriaga, 2010): 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝒖𝒖 · ∇𝐶𝐶 + ∇ · (D∇C)                                                Eq. 
3 

Where 𝐶𝐶 (mol/m3) is the volumetric solute concentration and 
𝐷𝐷 (m2/s) is the molecular diffusion coefficient.  

2.1.3 The Hele-Shaw equation 
In order to simplify the NSE, we made the following 
assumptions: Above all, the flow is assumed to be laminar. 
The inertia forces are considered to be negligible in 

comparison with viscous forces and pressure forces. Lastly, 
flow is averaged across the fracture aperture and described 
by the velocity 𝑽𝑽 = [𝑣𝑣,𝑤𝑤]. Consequently, the computational 
domain was converted using depth averaging from a three-
dimensional domain with a three-component velocity field 
into a two-dimensional computational domain, thus 
significantly reducing the computational requirements. As a 
result, the neater governing equations (Hele-Shaw) for 
explaining the behavior of the fluid flow between parallel 
plates separated by (ℎ), which is the fracture aperture, is 
revealed in Equation 5 (Gordon 1983). As mentioned before, 
the computational domain reduces three-dimensional into 
two-dimensional, which reduces the computational 
requirement.  

𝑽𝑽 = − ℎ2

12𝜇𝜇
∇𝑃𝑃                                                                  Eq. 4 

∇ ∙ (ℎ𝑽𝑽) = 0                                                                    Eq. 5 

The approximated velocity 𝑽𝑽 was used for determining the 
solute concentration in Equation 3. In other words, 𝒖𝒖 was 
replaced by 𝑽𝑽. The Reynolds number for the flow within 
fractures is given by  

2.1.4 Reynolds number and hydraulic resistance 

𝑅𝑅𝑅𝑅 = 𝜌𝜌𝜌𝜌
𝜇𝜇𝜇𝜇

                                                                          Eq. 6 

𝑊𝑊 is the fracture width perpendicular to the direction of the 
bulk flow. The hydraulic resistance 𝑅𝑅 (Pa·s1·m-3) is 
calculated by  

𝑅𝑅 = ∆𝑃𝑃
𝑄𝑄

                                                                             Eq. 7 

2.1.5 Surface roughness generation  
The pressure difference between inlet and outlet is given by 
∆𝑃𝑃 (Pa), which is named the global pressure difference, and 
Q represents the flow rate (m3/s). The generation of surface 
roughness was done by employing a trigonometric 
series(Barnsley et al., 1988). This technique is based on the 
Fourier series, which can characterize surface roughness 
with respect to the wavenumber quantity. The generally 
accepted utilization of this approach refers to its reasonable 
outcomes for creating rough-walled fractures (Fabbro et al., 
2006). The surface roughness can be generated using the 
following double sum: 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = ∑ ∑ 𝑎𝑎(𝑚𝑚, 𝑛𝑛) cos�2𝜋𝜋(𝑚𝑚𝑚𝑚 + 𝑛𝑛𝑛𝑛) + φ(𝑚𝑚, 𝑛𝑛)�𝑁𝑁
𝑛𝑛=−𝑁𝑁

𝑀𝑀
𝑚𝑚=−𝑀𝑀         Eq. 8 

In this equation, 𝑥𝑥 and 𝑦𝑦 are the spatial coordinates, m and n 
are the wavenumbers, 𝑎𝑎(𝑚𝑚,𝑛𝑛) are amplitudes, and 𝜑𝜑(𝑚𝑚,𝑛𝑛) 
are phase angles. . It should be noted that 𝑓𝑓 in Eq. 11 is 
describing the location of the upper and lower surface of each 
fracture.  Different values of amplitude can generate 
different rates of rough surfaces. Hence, by varying this 
value, a variety of geometrical surfaces with different 
tortuosities were produced.  

2.1.6  Surface roughness characterization 
For measuring the surface roughness, a wide scope of 
approaches are available (Zhang et al., 2017). Nevertheless, 
Joint Roughness Coefficients (JRCs) have been broadly used 
in the past ten years (Li et al., 2016). Therefore, a MATLAB 
code was developed based on Equations 9 and 10 for the 
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evaluation of surface roughness. The evaluated JRCs are in 
the range of 0.59–7.21.  

𝐽𝐽𝐽𝐽𝐽𝐽 = 32.2 + 32.47log𝑍𝑍2                                                Eq. 
9 

Here 𝑍𝑍2 is a dimensionless quantity for measuring the 
roughness and is defined by the following the root mean 
square: 

𝑍𝑍2 = � 1
𝑀𝑀
∑ �𝑧𝑧𝑖𝑖−1−𝑧𝑧𝑖𝑖

𝑥𝑥𝑖𝑖−1−𝑥𝑥𝑖𝑖
�
2
�
1/2

                                               Eq. 10 

Here 𝑀𝑀 represents the number of points along the fracture 
width (, 𝑧𝑧𝑖𝑖 and 𝑥𝑥𝑖𝑖 are the coordinates of the fracture surface. 
For obtaining 𝑍𝑍2, the (𝑥𝑥, 𝑧𝑧) coordinates of several points 
were evaluated from mid-cross-section of the generated 
fractures (𝑖𝑖 is indicating the number of points). In general, 
𝑍𝑍2 = 0 indicates a smooth-walled fracture, while 𝑍𝑍2 = 0.5 
indicates the roughest surface in nature, which 
approximately represents JRCs changing from 1 to 20. In this 
study 𝑍𝑍2 was chosen in the range of 0.106 to 0.17. The 
influence of roughness on the fluid flow is stronger when the 
JRC is higher.  

2.1.7 Peclet number 
For keeping the stability of the solution, the calculated Peclet 
number for each simulation was monitored. The Peclet 
number, Pe, represents the ratio between convective and 
diffusive rates and is given by 

𝑃𝑃𝑃𝑃 = 𝑄𝑄
𝑊𝑊𝑊𝑊

                                                                        Eq. 11 

2.2 Numerical methodology 
We used the COMSOL Multiphysics software package to 
run the simulations for this study. Two modules were used 
for solving the NSE (Eq. 1) and HS (Eq. 5); those modules 
are the single-phase laminar flow interface and the 
coefficient form boundary PDE, respectively. Furthermore, 
different solvers and algorithms were employed for solving 
these two equations. For the HS, a time-dependent solver and 
the MUMPS direct linear-system solver were used, and for 
the NSE, the time-dependent algebraic multigrid solver and 
the generalized minimal residual GMRES linear-system 
solver were utilized. For the NSE approach, The domain was 
discretized using tetrahedral and quad. Quadratic shape 
functions are used for the velocity field and linear ones for 
the pressure. Moreover, cubic elements with Lagrange shape 
functions were performed for discretization in the HS 
models. 

For numerical stability and mesh-independency, a mesh 
sensitivity study was conducted. For the sake of conciseness, 
the results of this study are not shown here. It is important to 
note that the NSE are solved in a 3-dimensional domain, 
whereas the simplifications made in deriving the HS 
equation result in a 2-dimensional surface domain — the 
third dimension representing the direction of the aperture 
(the thickness of the fracture) is accounted for in the 
governing equations. For the HS simulations, the velocity 
and hydraulic resistance had to be derived from the solved 
pressure gradient using Equation 4. 

Table 1: Fluid properties in simulations. 

Parameter Symbol Value  

Fluid density 𝜌𝜌 
(kg/m3) 997 

Viscosity 𝜇𝜇 
(Pa·s) 8.9 × 10−4 

Diffusion coefficient  𝐷𝐷 
(m2/s) 2.03 × 10−9 

Global pressure 
difference  

∆𝑃𝑃 (Pa) 0.01 

Peclet number 𝑃𝑃𝑃𝑃 (−) 10-100 

Reynolds number 𝑅𝑅𝑅𝑅 (−) 0.08-1 

 
2.3 Geometry and boundary conditions of the 
computational model 
As the study's focus was on the transport of diluted species 
in the rock fractures, which could represent silica, a new 
model was presented for this investigation. This model 
consists of one single fracture for which we consider 
different degrees of surface roughness. As was stated earlier, 
the generation of surface roughness was done by changing 
the amplitudes in Equation 8. The fracture is 1 m wide and 1 
m long, and the mean fracture aperture is 0.02 m. It should 
be noted that the fracture aperture is constant in both models.  

The boundary conditions were defined as follows. For the 
inlet and outlet boundaries, a constant pressure Dirichlet 
boundary conditions were applied over the inlet and outlet 
edges of the fracture in the Hele-Shaw (HS) approximation, 
and over the inlet and outlet surface areas of the fracture in 
the Navier-Stokes approach. The general advection-
diffusion equation was solved by coupling it with the HS 
equations and NSE. The computational domain is depicted 
in Figure 1, with colour-coded boundary conditions. The 
blue arrows indicate the inlet flow and the orange arrows 
indicate the outlet flow. The pressure difference between the 
inlet and outlet is called the global pressure difference. The 
red line in Figure 1 is specified for extracting data which is 
situated at a distance of 0.3 m from the inlet. A mineral 
concentration of100 mol/m3 was applied at the inlet 
boundary.  

 

 

Figure 1: The geometrical patterns of single fractures 
generated for studying the effect of surface 
roughness on the concentration of diluted 
transport. 
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3. RESULTS AND DISCUSSION  
The ability and the accuracy of the Hele-Shaw (HS) 
approximation for modeling fluid flow coupled with the 
advection-diffusion equation was evaluated by comparing it 
against results found using the Navier-Stokes equations 
(NSE). These comparisons were carried out because the NSE 
is valid for subsurface fluid flow and is, therefore, the gold 
standard for validating simplified models (Wang et al., 
2018). The following results were conducted using a 0.01 𝑃𝑃𝑃𝑃 
pressure difference between the inlet and outlet. Figure 2 
compares the averaged concentration calculated by both 
methods over the surface of the rock fracture, which was 
extracted from the specified point presented in figure 1. As 
demonstrated, the evaluated values by the HS method for 
different rates of surface roughness (the joint roughness 
coefficient (JRC) in the range of 2.8-7.79) are in good 
agreement with solved NSE. The prime cause of the small 
discrepancy is as a consequence of the negligence of inertial 
forces in the HS approach. The other apparent reason can be 
attributed to the increased roughness. The generated surface 
roughness would induce recirculations, which are not 
accounted for in the HS model. The small decrement of 
concentration by increasing the JRC has emerged at later 
times. The possible explanation for this outcome could be 
that fractures have greater resistance when they are rougher.  

 

Figure 2: Averaged mineral concentration over fracture 
surface determined by NSE and HS.  

For more clarification, both methods were used for the 
evaluation of concentration on the generated surface 
(JRC=0). The determined concentration outlined in Figure 3 
was extracted from the red point presented in Figure 1. We 
observe from Figure 3 that the HS approach has higher 
accuracy for approximating the concentration in the smooth 
surface fracture.   

 

Figure 3: Mineral concentration on the smooth surface 
fracture evaluated by HS and NSE.  

Table 2 summarizes the evaluated average concentration 
over the surface of the model for HS and the mid-plane for 
the NSE with different rates of JRC. It is crucial to note that 
the averaged concentration was calculated at a certain time 
by both methods, which is 18.5 days. This table is interesting 
in several ways. First of all, the value of determined 
concentration by HS approach is slightly greater than the 
NSE results. Secondly, the error appears to grow slightly as 
the surface roughness is increased. As reported earlier, the 
observed decrease of the concentration rate could be 
interpreted as being a result of greater resistance when the 
surface is rougher.  

Table 2: The effect of different rates of generated surface 
roughness on mineral concentration.  

JRC HS (𝑚𝑚𝑚𝑚𝑚𝑚/
𝑚𝑚^3)(Concentration) 

NSE (𝑚𝑚𝑚𝑚𝑚𝑚/
𝑚𝑚^3) 

(Concentration) 

Error 

0.5 59.547 55.376 7% 

1.6 59.512 55.287 7% 

1.8 59.504 55.257 7% 

1.9 59.494 55.236 7% 

2.1 59.476 55.185 7% 

2.2 59.457 55.129 7% 

2.5 59.437 55.073 7% 

2.8 59.396 54.969 7% 

The concentration contour obtained by the HS 
approximation is shown in Figure 4. The HS approach is 
considerably more computationally efficient than the NSE 
approach; obtaining this result by HS approximation took 
less than a minute while solving NSE took more than two 
hours for the same problem. 
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Figure 4: The predicted concentration by HS. 

For studying the effect of surface roughness on the flow rate 
and hydraulic resistance, flow without minerals was 
simulated. As far as the results show, higher surface 
roughness cause growth in the hydraulic resistance and 
reduction in the flow rate, as presented in Table 3.  
𝑄𝑄𝑎𝑎 and 𝑄𝑄𝑏𝑏 are the calculated flow rates of fluid with NSE 
and the HS, respectively.  

Table 3: The effect of surface roughness on the flow rate 
and hydraulic resistance.  

JRC Qa (𝑚𝑚3 𝑠𝑠⁄ ) Re Qb(𝑚𝑚3 𝑠𝑠⁄ ) Err 𝑅𝑅  
(𝑃𝑃𝑃𝑃. 𝑠𝑠−1.𝑚𝑚−3) 

0.59 6.35 × 10−6 6.2 6.6538
× 10−6 

5% 1573.7 

3.68 6.33 × 10−6 6.2 6.6510
× 10−6 

5% 1580.9 

4.21 6.30 × 10−6 6.2 6.6508
× 10−6 

5% 1586.8 

5.16 6.23 × 10−6 6.1 6.65
× 10−6 

6% 1605.3 

7.21 6.17 × 10−6 6.1 6.6494
× 10−6 

7% 1619.8 

JRC QNSE(𝑚𝑚3 𝑠𝑠⁄ ) Re QHS(𝑚𝑚3 𝑠𝑠⁄ ) Err 𝑹𝑹  (𝑃𝑃𝑃𝑃. 𝑠𝑠−1.𝑚𝑚−3) 

0.59 6.35 × 10−6 6.2 6.6538 × 10−6 5% 1573.7 

3.68 6.33 × 10−6 6.2 6.6510 × 10−6 5% 1580.9 

4.21 6.30 × 10−6 6.2 6.6508 × 10−6 5% 1586.8 

5.16 6.23 × 10−6 6.1 6.65 × 10−6 6% 1605.3 

7.21 6.17 × 10−6 6.1 6.6494 × 10−6 7% 1619.8 

4. CONCLUSION  
In this research, a computationally efficient approach was 
developed for studying the effect of fracture-surface 
roughness on solute transport. To prove the validity of the 
Hele-Shaw (HS) approximation, Navier-Stokes equations 
(NSE) were used as a benchmark. For modeling solute 
transport, we applied the advection-diffusion equation 
coupled with the flow-fields provided by the HS and NSE 
approaches. The evaluated results from the HS method are in 
good agreement with the NSE (7% Error). It is worthwhile 
noting that results have been obtained by HS in less than 1 
minute while solving NSE took more than two hours for the 
same physical geometry. This remarkable reduction in 
computational time is the most important achievement of this 
research and it enables us to simulate solute transport in 
realistically large fracture networks. As anticipated, the 
average concentration decreases by increasing the surface 
roughness. Interestingly, the hydraulic resistance rises with 
the higher surface roughness. We believe that our method 
could be usefully employed in studying the effect of diluted 
species transport in a network of rock fractures. This finding 
is one of the prime steps for studying silica scaling in fracture 
networks, which can be achieved by patching HS cells.  
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