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SUMMARY - Previous work on steady vertical steam-liquid counterflow in a porous medium, driven by both gravity and 
capillary pressure, is extended to cases where there is some net mass through-flow. Visualisations of nullcline surfaces 
are used to analyse solution behaviour. Implications for steady-states with through-flow in geothermal reservoirs are 
discussed. In particular, a fixed point in the temperature-saturation phase plane is found, when net mass and energy both 
flow downwards. This fixed point, which dominates solution behaviour, corresponds to a steady solution with constant 
temperature, pressure and saturation, in free-fall (driven only by gravity). 

1. INTRODUCTION 

The steady counterflow of steam and liquid in geothermal 
reservoirs has been the subject of a number of recent stud- 
ies (McGuinness, l987,1988,1990,1996a,b; McGuinness 
et aZ., 1993; Pruess, 1985; Schubert and Straus, 1979; 
Straus and Schubert, 1981; Satik et aZ., 1991). When the 
mass flows of liquid and steam are roughly equal and in 
opposite directions, the term heatpipe is used to describe 
the flow. This allows efficient heat flow with little or no 
net mass flow (Martin et aL, 1976; Udell, 1985; Pruess, 
1985). 

The heat pipe is an important part of a model of the Gey- 
sers in the seminal paper by White et aZ., (1971) on vapor- 
dominated systems. Straus and Schubert (198 1) also study 
heat pipes and have presented case studies of The Geysers 
and Kawah Kamojang in West Java. 

Recent studies (McGuinness et aZ.,, 1993; McGuinness, 
1996a,b) have shown the importance of including capillary 
effects in gravity-driven heat pipes, combining in some 
degree the engineering and the geothermal approaches, to 
resolve outstanding questions about steady solution selec- 
tion in geothermal reservoirs. Net mass flux was taken to 
be zero. 

The effect of changing the steady heat flux has been stud- 
ied by making heat flux a third dimension, with tempera- 
ture and saturation being the other dimensions. Nullclines 
for saturation changes have been viewed as surfaces in this 
3D space, and the way that these nullclines move as per- 
meability is reduced has led to an understanding of how 
conduction affects steady solution behaviour as it becomes 
more and more dominant. 

This work is here extended to explore the effects of allow- 
ing a net mass flux through the reservoir. The approach 
used is to observechanges in nullclines as the net mass flux 
is varied. It is necessary to view both a saturation nullcline 
and a temperature nullcline, since temperature reversals 
become possible with downflows. A short video has been 

made, showing computer animations of the movement of 
the nullcline surfaces. This is used in the oral presentation 
to illustrate some of the points made here. 

2. GOVERNING STEADY STATE EQUATIONS 

Flow of steam and liquid is vertical and steady, through 
a 1D homogeneous porous medium with constant proper- 
ties everywhere. The spatial variable is the elevation z, so 
that positive flows are upwards. Nomenclature is given in 
section 8. 

Mass and energy conservation yield 

Darcy’s law gives the momentum balance for the two 
phases, 

Capillary pressure is taken to be 

(3) 

(4) 

and the particular form for Pc is kept general at this point. 
Vapor-pressure lowering (the Kelvin effect) is also repre- 
sented in a general way as (after Edlefsen and Anderson, 
1948) 
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Figure 1. Steady solutions, against z. 

where the vapor-pressure lowering factor is approximated 
bv 

and where Pmt is the saturated vapor pressure of bulk 
liquid, obeying the Clausius-Clapeyron relation 

See also Schubert and Straus (1979), McKibbin and Pruess 
(1989) and Martin et al., (1976) for these. Pv and S are 
chosen here as the dependent thermodynamic variables. 
Often in the following, T will be used in place of Pv for 
illustration purposes. 

The conservation equations (1) may be rearranged to ob- 
tain 

(9) 

These form two coupled autonomous first-order ordinary 
differential equations for Pv and S. The right-hand sides 
are complicated nonlinear functions of the dependent vari- 
ables, with no explicit dependence on z. They are given 
in the appendix. Key parameters affecting the right-hand 
sides are the heat flux, net mass flux and permeability. 

3. SOLUTIONS IN THE PHASE PLANE 

Solutions to these two equations depend on the bound- 
ary conditions imposed. A natural choice is to specify 

vapour pressure and saturation at some depth, forming an 
initial value problem. This corresponds in a fully time- 
dependent reservoir model to having a constant pressure 
(or temperature) and saturation at one end, say by con- 
nection to a groundwater system, and to having mass and 
energy flux specified at the other end, leading to the terms 
Q and Qm on the right-hand sides of equations (1) and (2). 

Each different choice of initial values gives a different so- 
lution, which might be plotted as temperature versus z and 
saturation versus z, as in Fig. 1 . These solutions were ob- 
tained by solving equations (9) and (10) numerically, with 
k = Id, Q = 2kW/(d m2), and Qm = 0. In this paper, for 
illustration purposes, we take X = 2W/m/K, we use linear 
relative permeability functions with zero residual satura- 
tions and we use the Leverett J-function approximation 
for capillary pressure (Leverett, 1941), 

However, it is difficult to gain any wide understanding 
of how solutions behave in general, by simply producing 
many plots like Fig. 1. Many solutions, corresponding to 
many different choices of initial values, may be viewed at 
once by using the phase plane. Vapour pressure or tem- 
perature is plotted against saturation, and dependence on 
z is hidden, although arrows might be used to indicate 
increasing z. The resulting curves are called trajectories, 
and an example is shown in Fig. 2, for the same parameter 
values as in Fig. 1. The snooth closed curve is the G = 0 
nullcline. Arrows point in the direction of increasing z. 
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Figure 2. Steady solutions, in the phase plane. 

In the usual theory of the phase plane, the first feature 
that is looked for is fixed points, where the right-hand 
sides of the two differential equations are simultaneously 
zero. Fixed points control trajectory behaviour, locally 
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and globally, particularly in the absence of periodic soh- 
tions. Note that in the usual geothermal situation, temper- 
ature or pressure increase monotonically with depth, so 

the right-hand sides of equations (9) and (10) for a range 
of values of S, Pv , Q, and putting a surface through zero 
values of 4 and 7i. 

that the phase plane plots look similar to saturation versus 
depth plots, and there are no places where 7i = 0. It can 
be shown from the form of 7i that it is never zero when 
Q is positive. Hence there are no fixed points or periodic 
solutions when Q is positive. 

4. NULLCLINES 

In the absence of fixed points, another useful character- 
istic of solutions is the nullcline, where one right-hand 
side is zero. In our case, this is G = 0, where saturation 
reverses direction. The heavy curve in Fig. 2 can be used 
to abstract solution behaviour, and it is possible to infer 
qualitative solution behaviour knowing only the nullcline. 

Changing the steady heat flux changes the nullcline. Fig. 3 
shows many nullclines, one for each of many values of heat 
flow Q, on the same phase plane. Other parameter values 
are as for Fig. 1. 

A natural way to view the nullclines is as level curves of a 
nullcline surface, obtained by plotting 4 = 0 as a surface 
in a 3D space, with coordinates the phase plane and Q. 
The way that nullcline surfaces move as permeability is 
varied is explored in McGuinness (1996a,b). 

0.0 0.2 0.4 0.6 0.8 1.0 
S 

Figure 3. G = 0 nullclines, as labelled for various values 
of heat flow Q (kW/m2). 

5. VARYING NET MASS FLUX 

In a two-phase geothermal reservoir, there is often a net 
mass throughflow, and it may even be a downflow in some 
areas. When a downflow of heat is allowed, it is also pos- 
sible that 7d = 0. Then there are two nullcline surfaces, 
one for saturation reversals and one for temperature rever- 
sals. These have been obtained by numerically evaluating 

Visualisations of these surfaces are shown in Fig. 4 for 
both positive and negative values of net mass flux, when 
permeability is 0.1 md. This figure is at the end of this 
paper. The surface shown as a wire frame is the saturation 
nullcline, and the temperature nullcline surface is shown 
as a solid. Two views of each mass flux are shown. 

For positive net mass fluxes, as net mass upflow increases, 
both surfaces move upwards. They do not cross each 
other. The saturation nullcline surface moves upwards 
faster at the high temperature end and at the low liquid 
saturation end. This is due to the higher enthalpy of a 
high temperature mixture, and of steam. 

Visualisations of the nullcline surfaces for negative net 
mass fluxes reveal a new and significant phenomenon - 
the surfaces cross each other. This corresponds in the 
phase plane to there being a fixed point. that is, there is 
a steady solution with constant temperature and satura- 
tion everywhere. This solution corresponds to free-falling 
steam and liquid, such that 

That is, 

where p, h and v are two-phase flowing densities, defined 
by the above equations in terms of the kinematic viscosity 
rather that the usual dynamic viscosity (see, e.g., Weir, 
1994). 

The accessible values of heat and mass flux can be calcu- 
lated, by evaluating the right-hand sides for various values 
of pressure and saturation. The results of this are plotted 
in Fig. 5 as heat flow Q against net mass flux Qm , with the 
signs reversed for convenience. The straight line corre- 
sponds to the expected relationship if the two-phase fluid 
had the enthalpy of pure steam at 100OC. The line corre- 
sponding to pure liquid lies very close to the Qm axis on 
this scale. The region of possible heat and mass fluxes is 
bounded by pure steam and pure liquid lines, and is gen- 
erally smaller. All values of temperature and saturation 
are possible. 
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Provided boundary conditions are chosen appropriately, 
many solutions in the phase plane approach this fixed 
point, which corresponds to a free-falling mixture of steam 
and liquid. The steam and liquid fall at different mass flux 
densities in general, and temperature and saturation are 
constant everywhere. The length of such solutions is un- 
bounded. 
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Figure 5. Possible values of heat flux Q (W/m2) and net 
mass flux (kg/s/m2), when at the fixed point. Both fluxes 
are negative - the negative sign has been dropped. 

In the study of systems of differential equations, the sta- 
bility of a fixed point is of interest, as it governs local 
trajectory behaviour. Examination of the nullclines re- 
veals that the fixed point is a node, stable when integrat- 
ing in the positive z direction, which is upwards. Fig. 6 
c o n k s  this with trajectories calculated numerically for 
Qm = -10-6kg/m2/s, Q = -1W/m2, and k = O.lmd. 
Arrows show the direction of increasing z, or upwards 
movement. Note the trajectories converging to the fixed 
point, indicated by the circle at 228OC and S = 0.17. 
When temperature is high enough, there are trajectories 
that simply move across the top of the plot, without being 
attracted to the fixed point. 
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Figure 6. Trajectories in the temperature-saturation phase 
plane, when mass and heat fluxes are negative, and there 
is a fixed point. 

6 CONCLUSIONS 

The main result of this paper is that, in contrast to the 
cases with zero net mass fluxes and upwards energy fluxes, 
a fixed point is observed in the temperature-saturation 
phase plane, where the temperature and saturation null- 
clines cross each other. This fixed point is a feature that 
dominates steady solution behaviour in the phase plane. 
It only exists for a certain range of mass downflows and 
heat downflows. 

The visualizations that provided valuable assistance with 
the phase plane studies were performed on a Silicon 
Graphics Iris Indigo, funded by the Lotteries Science Re- 
search Fund, New Zealand, and the Internal Grants Com- 
mittee of Victoria University of New Zealand. Thanks to 
Robert McKibbin for fruitful discussions. 

8 NOMENCLATURE 

h 
hv 1 
J 

k 

md 
mi 

P 
p c  
Q 
Qm 
R 
S 
T 

kr 

U 

z 

specific enthalpy (J/kg) 
latent heat of vaporization (J/kg) 
the Leverett J-function, 

permeability 
relative permeability 
millidarcy, 1 0-3 darcy, 10- 5m2 
molecular weight of liquid water ( k g b o l )  
mass flux density (kg s-l m-2) 
pressure (Pa) 
capillary pressure (Pa) 
energy flux (W/m2) 
net mass flux (kg s-l m-2) 
gas constant (m3 Pa K-* mol-') 
liquid saturation 
temperature (O C) 
vertical distance (m) 

1.417(1- S) - 2.12(1 - S)2 + 1.263(1 - S)3 

Greek symbols 

x thermal conductivity (W/m/O C) 
X i  liquid mobility (kkri/Yi) 

vapor mobility ( k k r v / ~ v )  
Y kinematic viscosity (m2/s> 
P specific density (kg/m3) 
Q surface tension (kg/s2) 

Subscripts 

I liquid water 
v steam or vapour phase 
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as 

F = 5 [Ai (1 - --) dPc d T  + A v ]  (A,,, - -- A d T  
HO d T  dPv % dS 

dPc d T  ap, aT 
-AI ( 1+- a&$s) ( M i  + A v h v  - A h - -  

1 dP, 
Po dS - E = -- 

and where Pv and z have been non-dimensionalized by dividing by a reference pressure PO and a reference depth Ho. 
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Figure 4. Nullcline visualisations, for permeability 0.1 md, with various net mass fluxes. A side view and a top view is 
shown of each. 




