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A PERMEABILITY-POROSITY RELATIONSHIP
FOR SURFACE DEPOSITION
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SUMMARY -

The changes to porosity and permeability resulting from surface deposition and early dissolution

in an initial rhombohedral array of uniform spheres are calculated. Very rapid decreases of permeability result from
early deposition, with 48% reduction predicted in permeability from 8% reduction in porosity. After deposition has
caused about a 1%oincrease in the radii of the spherical array, relative permeability reductions vary approximately as
the square of relative changes in porosity. These theoretical results are matched with experimental data of Ioti et al..
and shown to be satisfactory in some cases, but for others, a more complex model of the porous medium is needed.

1 INTRODUCTION

Within the earth, pore sizes of 10 nm to 1000 nm (107° m)
frequently occur. Deposition in such pores can be viewed as
beneficial when ore deposits form, or as detrimental, when
silica blocks geothermal flows to wells. On the very large scale,
calcite deposition (flowstone) in caves, or dams (gours) form-
ing when water flows over the outflow of subterannean pools,
are examples of pore sizes of many metres. Consequently,
deposition can be viewed as microscopic or macroscopic {1]
phenomena.

The primary motivation for this paper is to quantify effects
from surface deposition in geothermal fields. We ignore non-
surface deposition. We shall assume that flow within the pores
is laminar. and that diffusion is not rate controlling. Our justi-
fication for the last assumption is that if 1077 m/s is a typical
Darcy velocity, 107 m a typical pore radius, 10~! a typical
porosity, and 10~° m?/s a typical diffusivity for a depositing
molecule, then the time for fluid to pass through a pore is
about 1s, but the time for concentration gradients to reduce
significantly within a pore is only about 1073 s.

Deposition is therefore determined largely fiom the geometry
of the porous medium. If mass deposition is occurring at a
rate D per unit area of available solid surface, then growth
occurs normal to such surfaces at the rate,
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where £ denotes the position of the surface, pq is the density
of the deposited layer, and D depends on concentrations and
temperature. We shall assume that (1)holds in the remainder
of this paper.

The assumption in (1) is a severe restriction on variations on
porosity and permeability resulting from deposition. In par-
ticular, since porosity will decrease monotonically with the

amount of deposition, and permeability will also vary mono-
tonically with the amount of deposition,

k = kof(®,0) (2)

where k is permeability, ko initial permeability, ¢ porosity.
¢o initial porosity, and f is some non-dimensional function.
which depends on the structure of the porous media. but is
independent of temperature and pressure.

In deriving (2), we have assumed that once a pore has been
cut off, so that flow no longer occurs through that pore. thar
subsequent deposition is minimal. Once a pore has cut off, the
rate of deposition will alter, since fluid is no longer available
to replenish deposited components, and concentrations will
differ locally fiom that in open pores. However, if depositing
concentrations are typically small, such as say 20C ppm, then
the change in linear dimensions within the pore after cut off
is less than .01 %, so that deposition can be assumed to stop
instantaneously with cut off. Then (2) should hold.

For the numerical modelling in the next section, we need to
determine the function f in (2). This can be done either fram
using experimental data, or from developing a simple model to
predict f. We shall attempt to derive f from a simple model.
Note that this only requires that we know the variation of
permeability to within a multiplicative constant.

Such models need to predict the general behaviour found ex-
perimentally. Graham [5]has shown that during deposition,
porosity tends to a critical non-zero porosity, ¢, while per-
meability tends to zero, as

k~(¢—oc)® (3)
Another experimental finding (14) is that small changes in

porosity (about 8%) can significantly reduce permeability (by
about 96%). This seems to contradict (3), which predicts



much smaller changes in permeability. One aim of this paper
is to attempt to resolve this apparent contradiction.

Changes in permeability and porosity resulting from changes
in pressure appear to differ significantly fiam those occur-
ring from deposition. During compression, permeability ap-
parently does not tend to zero, by to some non-zero value
{17], possibly because it is effectively impossible to close off
all pathways from compression. For this reason, we shall not
consider compression further in this paper.

We begin by considering the slow laminar passage of fluid
through a variable (though periodic) porous media. A force
balance through a cross-section of the porous medium gives

d _ ~ _,uLzu
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where p is pressure on the cross-section, A area, T viscous
shear stress, L a length scale along solid surfaces in the
cross-section, u viscosity, 4 is the mean fluid speed through
the cross-section, and y distance perpendicular to the cross-
section. Pressure will vary across any cross-section. We as-
sume that mean pressure P at position y, satisfying

/ pdA = AP (5)

has phyical significance. In (5), A denotes the average area
over height y,

Y
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Since in steady flow, the volumetric flow of fluid uA is con-
stant, it is possible to integrate the changes in pressure P over
a finite length, and hence to derive an apparent Darcy Law,
in which permeability varies as

A 1
~ Ar DA 2

where Ar is the total area considered. For equal radius ver-
tical cylinders, the ratio of the left hand side to the right hand
side in (7)is 1/2, and 1/3 for vertical fractures of constant
aperture.

The porosity is

i (®)

At

Deposition removes chemicals from the liquid phase, and so a
sink term is needed to describe this process. The form of this
sink term is assumed to be

ac A

dt — —KhV ©)
where A/V is the local exposed solid area per unit pore
volume, h is a function of temperature, and the constant K
depends on the nature of the fluid and sottd=surface. Locally,
the mean value of the ratio A/V equals L/A, but we do not
have an exact expression for this ratio in terms of permeabil-
ity k and porosity ¢. However,a related expression exists in
(7)for the the mean value of the square of L/A. From (7)and
(9) , we shall assume that the sink term in the fluid obeys

% = _kny 2 (10)

where 6 is a constant of the order of unity.

206

The aim of the next section is to evaluate porosity and per-
meability changes in a simple geometry, using (7)and (8). A
related approach has been made recently by Lu et al [8] who
analysed water rise due to surface tension and gravity through
close packed arrays of spheres of uniform radius. Much earlier,
an extensive investigation of the permeability and porosity of
systematically packed spheres was conducted by Graton and
Fraser [6).

2 Rhombohedral
Spheres

Packing of

We begin by assuming an initial rhombohedral packing of uni-
form spheres of radius R. From Fig. 1, this can be imagined
as lines of spheres with their centres separated by 2R in the
x direction; the lines being separated by V3R in the y dir-
ection; and horizontal planes separated by 2./2/3R in the
z direction, since the centres of adjacent spheres form tet-
rahedra. One horizontal layer of spheres is shown as heavy
circles, and the layer above by light circles. (There are two
[6] rthombohedral packings, which differ by the upper plane of
spheres being rotated by about 109° 28’ within its own plane.
We do not consider both cases in this paper.)

The porosity of this structure is [2](4v2 — 4x/3)/4v/2, or
about 26%. This is rather large for many natural materials.
for which a porosity of about 10% may be more usual. Nev-
ertheless, we shall consider deposition in this structure. Let €
be the thickness of deposit which has formed on the spherical
surfaces. Since deposits grow perpendicular to surfaces, the
exposed spherical surfaces preserve their shape.

The maximum thickness of deposit £&m before permeability is
destroyed follows from Fig. 1,

fm _ (2-V3)

R~
since permeability fails when the coallescing inward growing
surfaces meet at the centre of the in-circle in the equilaterial

triangle formed from joining adjacent spherical centres in Fig.
1.

~ 1547 (11)

Figure 1. Rhombohedral Packing of Spheres.



Before deposition begins, each sphere contacts twelve other
spheres. After deposition begins, the porosity can be deter-
mined fromcalculating the volume of each sphere (with radius
R t¢), and subtracting (half of ) the twelve volumes of in-
tersection. Since the unit replicating volume is 4v/2R3, the
porosity (¢) is found to be

T 3 2
=1-—— |(R+§)" -3¢ (3R+2 12
¢ AT [(R+€)" - 3€6%( §)] (2
From (11) and (12), the residual porosity at zero permeability
is about 0.0359.

Before permeability fails, fluid can move up through the voids
shown in Fig.1, being constrained initially to one channel, but
on moving further up through the array of spheres, the fluid
path has a choice of at least six nearby channels between the
spheres in the the upper layer of spheres. The complexity of
these channels is emphasised by Graton and Fraser ({6], p.
857).

The change in porosity as a function of the normalised change
in radius £/R is relatively gradual, but the change in perme-
ability is very rapid. For example, a 48% decrease in perme-
ability results from an 8% decrease in porosity. However, after
an increase in radius of about 1%, k decreases much slower.
This change in behaviour can be interpreted in two ways. Fig-
ures 2 and 3 plot normalised permeability (k) as a function
of normalised porosity (¢n), where

k
kn = ko (13)
_9—9
¢"~ B ¢O —éc (14)

The discrete solid dots in Figs. 2 and 3 are theoretical values
obtained using (7)and (8). The lower continuous curve in Fig.
2 is kn = .256¢382, and fits the early decreases in permeabil-
ity. The middle continuous curve in Fig. 2 is kn =.744¢2'8,
and fits the late decreases in porosity. The upper continuous
curve equals the sum of the lower and middle curves, show-
ing that the theoretical nommalised permeability values can be
fitted by a rapid initial decrease, plus a more gradual and ap-
proximately quadratic decrease thereafter. However, the late
time behaviour was also fitted adequately by kn = .753¢L°,
showing that the exponent connecting kn to @n is about 2,
depending on how the data points are weighted.
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Figure 2. Normalised permeability versus normalised porosity.
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The other way of interpretation is shown in Fig. 3, which
draws a continuous curve approximately through the calcu-
lated points. The equation of this empirical continuous curve

1S

hy=1—(1— g™ (15)
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Figure 3. Normalised permeability versus normalised porosity.

The numerical evaluation of permeability according to (7) in
a regular array of uniform spheres has the advantage that as
the cross-sectional areas decrease from deposition, the mean
value of L*A~? is likely to diverge to infinity, and so k can
approach zero for a non-zero value of porosity. This prop-
erty is not present in models in which the averages in (7)
are estimated, as in Kozeny-Carmen formulae [4], since then
permeability varies essentially as the cube power of porosity.
(For planes, a cube power also arises, whereas for cylinders, a
quadratic power is obtained.)

The plot in Figs. 2 and 3 has the property that very large
decreases in permeability result fimm quite small (initial)
changes in porosity, and also that k varies roughly as the
second power of changes in ¢. Since these properties are con-
sistent with the experimental findings of Vaughan {14] and
Graham (3], we have used the relationship in (15) for the fol-
lowing mumerical examples.

3 COMPARISON WITH EXPERIMENT

The porous media model used in this work is similar to the
porous columns used in [7]. In this work Itoi et al. conducted
a number of experiments to investigate precipitation from flu-
ids saturated with SiO2. While there are some problems in-
terpreting the chemistry of these experiments they provide
an excellent source of data for verifying the model developed
in this paper. In these experiments a sample of fluid super-
saturated in S1O; (taken fimam the Otake geothermal field) is
passed through a column packed with aluminium beads. The
pressure difference between the ends of the tube is kept con-
stant while the flow rate through the tube and pressure along
the tube are measured. At the completion of the experiment



samples of the beads from different points along the tube are
weighed to determine the mass of silica scale deposited on the
beads. Itoi et al. present measurements of specific deposit
(the ratio of scale mass to bead mass) and from this porosity
changes may be calculated. Physical parameters associated
with these calculations are taken mainly fram [9] and are re-
produced in Table 1.

Supersaturation Cintet-Cs = 4.42 ppm
Column temperature T = 90°C
Initial porosity uly = 4

Density of beads Pr = 3620 kg/m?
Density of deposited silica Ps = 2040 kg/m?
Porosity of silica s = 0.932
Reaction rate coefficient A& = 065!

Table 1. Data used to match run 5 of Itoi et al..

In Figure 4 we present two theoretical curves, one of these
uses the theoretical value of ¢ = .04 and the second (lower)
uses a value of ¢, = .2 which provides a better match to the
data. Also presented in this figure is experimental data taken
from runs1- 6 of Itoi et al.. This figure shows the initial rapid
decrease in permeability for small amounts of deposition fol-
lowed by much slower changes as seen in the experimental
data.
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Figure 4. Comparison between Itoi et al. experimental data
and (15).

We have also simulated this experiment using a modified ver-
sion of the TOUGH?2 simulator [11]. This program has been
modified by White ({16} to include the transport of reacting
chemicals and makes it possible to calculate the pressure drop
and deposition along the porous column. We have assumed
Darcy flow in the column for these calculations and as pointed
out in, [7] this may not be justified, particularly at early times.
In Fig. 5 we present the calculated and measured pressures
and in Fig. 6 the calculated and measured specific deposits
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for run 5 of (7] .
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Figure 5. Theoretical and experimental pressure.
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Figure 6. Theoretical and experimental specific deposit.

In order to model these experimentswe require a rate law that
allows us to calculate the deposition rate from solution. We
have chosen to use the rate law suggested by Rimstidt and
Bamres (12]

ac A

E_—k E(C—C.) (16)
Here & is the ratio of surface area available fx precipita-

tion to mass of water, k™ is the rate constant, C is the sili-
cic acid concentration and C, is the saturation concentration.
k™ as a function of temperature is given by an Arrhenius law
logk~ = —0.707 — 2589/T) where T} is the temperature in
Kelvin. Malate and O’Sullivan {9} found that using the rate
constant given in [12] leads to a very poor match to the ex-
perimental results in [7] and they have obtained a different
value which matches the experimental results quite well. Our
results agree with those of Malate and O’Sullivan and we have
adopted a value of the rate constant similar to their value.

The permeability-porosity relationsaip derived in this paper
were also used to duplicate another set of experimental data,



that determined by Moore et al. [10]. In a series of exper-
iments, distilled water was passed down a temperature gra-
dient through cylinders of granite. Temperatures at the out-
side of the cylinders were held in the range 80-100°C and
the centre was held in the range 250-300°C. The change in
flow rate was measured for a period of between one and three
weeks and from this a change in permeability was determined.
The model of a porous media used to derive the relationship
between porosity and permeability given in (15)is unlikely
to be correct for the granites of the experiments of Moore
et al. [10] where permeability is most probably provided by
micro-fractures and pipes formed by the intersection of micro-
fractures. Nevertheless we felt it worthwhile to investigate
how well the expression given in (15) would match experi-
mental results from granite.

The rate equation for quartz precipitation is assumed to have
the form [13]

8 = B (<F: (3 ) 150
38 R Ksio,

1n)
where k25 is the reaction rate constant at 25° C and we have
assumed an Arrhenius equation for temperature dependence.
E, is the activation energy; & the area over which the reac-
tion occurs per unit volume of fluid; T the temperature in ® K;
R the gas constant; [SiO2] the activity of aqueous Si02 and
K sio, the equilibrium constant for the dissolution of quartz
reaction. Choice of % is difficult; theoretical considerations

suggest & =/ Qf where 6 is of the order of unity. This leads

to values of ¢ in the range 3.5 x 107 - 11 x 10* m~’ for
the experiments of Moore et al. considered here. In a recent
paper, Bernabé [3] has simulated the transport properties of
networks of cracks and pores. From this work, a figure in
the range 1.2 x 10° - 1 x D m~! is appropriate. We have
found that a value of 6.5 x 10° provides a good match with
run b250-1 of Moore et al.. We see from Fig. 7that the match
to experiment is quite good. The match with run b300 is not
very good and there seem to be two mechanisms operating to
provide permeability. Fig. 8 shows two matches to the per-
meability changes for run b300. We have chosen two values
of 4 to match the early and late time behaviour as it was not
possible to match the whole time range. At early times there
is a very rapid reduction in permeability and this is matched
by a value of 4 of 1.0 x 10° while at later times a value of
5.0 x 10® is more appropriate. The late time value is similar
to that found for run b250-1.

It is interesting that the theoretical values of kzs 6 in (17)are
about three orders of magnitude too large for the the experi-
mental data of Moare et al.. Possibly the reactions occur at a
much slower rate! within rock than in the idealised laboratory
situation used to determine the rate constant in (17), or else
the flowis occurring mainly in a few large pores, for which
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the ratio A/V is much smaller than for the rock as a whole
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Figure 7. Match with run b250-1 of Moore et al.
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Figure 8. Match with run b300 of Moore et al.

4 CONCLUSIONS
The main new results contained in this paper are :

a Theoretical calculations of permeability and porosity
changes resulting from deposition or dissolution in an
initial rhombohedral array of uniform spheres;

a Determination of empirical relationships connecting
changes in permeability and porosity resulting from de-
position or dissolution in this initial array of uniform
spheres;

a Discovery of a late time approximately quadratic de-
pendence between relative changes in permeability and
porosity, but preceded by a very rapid early reduction in
permeability;



e There was no definite power relationship between nor-

malised permeabilities and porosities for deposition in
this late time behaviour, with values firm 1.9 to 2.2 be-

ing suggested;

e An approximately fourth power relationship between

permeability and porosity for initial dissolution;

e The permeability versus porosity relationship derived in

this paper matches experimental results for a porous col-
umn formed firam beads. The very rapid initial change
in permeability predicted by (15) is observed in the ex-
perimental data of Otoi.

e For more complex structures, such as some granites,

(15) did not describe the late time behaviour resulting
from deposition, for which a more complex porous media
model will be needed.
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