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SUMMARY -

Dimensional analysis, combined with physical assumptions and the qualitative examination of

experimental data, is invoked to bring out further insight into some aspects of mathematical modelling of vapour-
dominated geothermal systems such as constraints on vertical heat fluxes and temperature gradients.

1 INTRODUCTION

A number of geothermal systems containing vapour-
dominated regions are now known around the world.
Examples of such systems include Larderello in Italy,
The Geysers in California, Wairakei in New Zealand,
Kawah Kamojang in Indonesia, Olkaria in Kenia, Mat-
sukawa in Japan. Conceptual and mathematical models
of these systems are well presented in geothermal liter-

ature (White et al, 1971; Schubert and Straus, 1981;

Pruess et al., 1087; Weir and Young, 1991; Truesdell,
1991 ;McGuinness et al, 1991;Truesdell et al., 1993).

The process of geothermal modelling is complicated by
uncertainty of field data and the enormous number of
different effects present in geothermal reservoirs. From
this point of view, dimensional analysis can be a useful
tool for validation of conceptual models and selection of
dominant effects.

In this note, dimensional analysis, combined with phys-
ical assumptions and the qualitative examination of ex-
perimental data, is invoked. The total number of param-
eters, describing a vapour-dominated geothermal reser-
voir, is reduced to several dimensionless quantities. The
usefulness of these dimensionless quantities is demon-
strated further.

2 DIMENSIONAL ANALYSIS IN
MATICAL MODELLING

MATHE-

The governing conservation equations for two-phase flows
in porous media, derived from the basic principles of fluid
mechanics and experimental Darcy's law, are given in the
work of Cheng (1978) . With the help of simplified ther-
modynamic relationships, suggested for geothermal stud-
ies by Grant (1974), these equations can be reduced to
two dependent variables in terms of saturation pressure
or temperature and one of the saturations. The reduced
system of two equations, written in dimensionless form
(Pestov, 1993), involves dimensionless parameters, which
play a key role in the process of mathematical modelling.

21 Key dimensionless parameters

The key dimensionless parameters are:

m-ratio of density of steam to that of water on the hot
surface;

m-ratio of density of steam to that of water on the cool
surface;

R,-Rayleigh number in porous media saturated by water
and steam;

¢ and é-latent heat factors;
p-ratio of dynamic viscosity of steam to that of water.

The corresponding expressions are:
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Here, p, and p; are densities of vapor and liquid phase
respectively, Cp is specific heat of water, k is permeabil-
ity, g is acceleration due to gravity, H is vertical reservoir
dimension, « is effective thermal conductivity, u, and g
are dynamic viscosities of steam and water respectively
(assumed to be constant), c is a coefficient from the state
equation of steam p/p, = ¢ = const, p is saturation pres-
sure, | is latent heat and T is the temperature change
across a reservoir (Pestov, 1993). The superscript ‘¥’ in-
dicates the characteristic quantities and the symbol 'tilde’
stands for parameters on the cool surface.

The Rayleigh number R, enters in the energy equation
by dividing the coefficient before the conductive term
(Pestov, 1993). We can use the following general defini-
tion of the Rayieigh number, given in the book of Sedov
(1959):
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where L is the characteristic length, 2 is the characteris-
tic velocity, C' is the specific heat per unit volume and A
is the coefficient of heat conduction.



For two-phase counterflow the characteristic velocity
must include a parameter m. Hence, we choose
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This choice -of a characteristic velocity defines the

Rayleigh number in porous media saturated by water and
steam.

Q

The non-dimensional parameters, listed above, can be
easily calculated. For a typical vapour-dominated reser-
voir we take:

p} =814 kg/m3, g=9.8m/sec?,
I*=176x10% J/kg, H ~ 10° m,
w = 1074 Nsec/m?, p, =2 x10~° Nsee/m?,
k=10""m? c¢=.2x10°J/kg.
Cpt = 0:46 x 10* J/kg°C,

T = 240°C, T" ~ 10°C,

Therefore, we have

m~10"2, m~ 1072,
6§~10"1, e~1071
p—10"' R, ~10%

Since the Rayleigh number is large, the coefficient mul-
tiplying the conductive term is small. The latter result
allows to neglect the conductive component of the total

heat flix everywhere except in a thin layer of the order
of \/6/Rs in depth at the top of the flow region.

2.2 Constraints on convective heat flux

Consider one-dimensional steady water-steam counter-
flow ignoring the thin layer at the top of the flow region,
where conductive heat flux is important. Under steady-
state conditions, the energy equation can be intergrated
and the first integral is:

V;i = Q‘ (2)
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where V is a non-dimensional Darcy velocity of the liquid
phase and Q is a non-dimensional convective heat flux.

(Q =Qup1"92.)

Combining eq. (2) with the non-dimensional form of
Darcy's law, obtained by Pestov (1993), gives the fol-
lowing non-dimensional equation for liquid phase rela-
tive permeability A (assuming steam relative permeabil-
ity ¥ = 1—X) at every point z:
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(The dimensionless quantities above are marked with
'hats'.)

If the roots of eq. (3)are all real and non-negative, then

0<Q<Q, Q<R

and
Q< Qs
Here
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Since Q7 is greater than Qs for any combination of pa-
rameters p and m, the only important value is Q. Thus,
the critical non-dimensional heat flux is:

Qer = min '{Ql(zn = Ql(o) =
ias )
m(/A + Vi)’ “

The latter result can be useful for determination of
boundary conditions in numerical simulations of two-
phase flows: the heat flux must not exceed Q.r.

For a typical vapour-dominated reservoir we take

m=10.03, m=0.02 p=0.2.

Eq. (4) gives Q. = 1.89. Returning to dimensional quan-
tities, we have (Q/k)er = 6.6 kw/darcy m2. In com-
parison, many geothermal reservoirs have @/k = 0.1 to
0.2 kw/darcy m%. The corresponding typical values of
Q =0.03-0.06 are significantly below Qcr.



2.3 Constraints on temperature gradient

This subsection begins with a brief summary of the main
results in Pestov (1994), and then expands upon those
results.

Consider now the Clausius-Clapeyron equation, which
can be written in the form:

T _ T - ffiﬁu/ﬁf) (5)
dp pl

(Note that here T is the Kelvin temperature.)

If the characteristic density ratio m is small and latent
heat varies only slightly, then eq. (5) can be integrated
and the solution is:

)

Comparison of an analytical power fit (6) (solid line)
with a numerical approximation by Grant (1974) (bro-
ken line) and experimental data from water-steam ta-
bles (points) is presented on Fig. 1. For temperatures
130-300°C' the power fit (6) matches the experimental
temperature-pressure relationship well with a maximum
error of 2% at 300°C. It is more accurate than the ap-
proximation of Grant (1974) in the temperature range
typical of vapour-dominated geothermal systems.
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Figure 1. Analytical pressure-temperature curve
compared with approximation by Grant (1974)
and experimental data.

For small e the following expansion of T'/T from eq. (6)
is valid unless |log(p/p)| is large:
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Since the logarithmic function increases slowly, there is
no significant change in temperature until p/§ (or the
distance z from the top of a region) is large according
to eq. (7). The latter signifies that in the upper part
of a two-phase region, temperature is a slowly increasing
function compared to pressure and temperature gradient
is small compared to pressure gradient, provided that pa-
rameter ¢ is small.

On Fig. 2. the temperature ratio (broken line), calcu-
lated from eq. (7) for a linear pressure fit (solid line), is
compared to the temperature ratio, derived from steam
tables (points). There is good agreement between analyt-
ical and experimental results, supporting the conclusion,
that in the upper part of a two-phase zone temperature
gradients are small compared to pressure gradients,
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Figure 2. Pressureratio p/P and temperatureratio
T/T versus depth.

3 CONCLUSIONS

An application of dimensional analysis to mathemati-
cal modelling of vapour-dominated geothermal reservoirs
has been presented. The following conclusions have been
drawn:

1. The total number of parameters in the problem consid-
ered can be reduced to a substantially smaller number of
non-dimensional quantities (la—1c). Moreover, some of
the non-dimensional quantities in (la—Ic) appear to be
small or form small coefficients in non-dimensional gov-
erning equations. That leads to further simplifications.

2. Since the Rayleigh number is large, the convective com-
ponent in the total vertical heat flux is dominant and the
conductive component is negligible. A vertical heat flux,
given in the boundary conditions, must not exceed the



critical value determined by non-dimensional parameters
m,m and p in eq. (4).

3. Since the density ratio m is small and latent heat
varies only slightly, the Clausius-Ciapeyron equation can
be integrated analytically. For temperatures 130-300°C,
the analytical solution (6)approximates the experimental
pressure-temperature relationship well.

4. Given expansion (7) of T/T for small ¢, tempera-
ture gradients are small compared to pressure gradients.
This is in agreement with experimental data derived from
water-steam tables.
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